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Abstract 



The development in the study of supersymmetric many-particle quan- 
tum systems with inverse-square interactions is reviewed. The main em- 
phasis is on quantum systems with dynamical OSp(2|2) supersymmetry. 
Several results related to exactly solved supersymmetric rational Calogero 
model, including shape invariance, equivalence to a system of free super- 
oscillators and non-uniqueness in the construction of the Hamiltonian, 
are presented in some detail. This review also includes a formulation of 
pseudo-hermitian supersymmetric quantum systems with a special em- 
phasis on rational Calogero model. There are quite a few number of 
many-particle quantum systems with inverse-square interactions which 
are not exactly solved for a complete set of states in spite of the con- 
struction of infinitely many exact eigen functions and eigenvalues. The 
Calogero-Marchioro model with dynamical SU{1, 1|2) supersymmetry and 
a quantum system related to short-range Dyson model belong to this class 
and certain aspects of these models are reviewed. Several other related 
and important developments are briefly summarized. 
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1 Introduction 

Supersymmetry plays an important role in understanding unification of differ- 
ent fundamental forces in nature. In the earlier days of the development of 
the subject, supersymmetric quantum mechanics was introduced to study dif- 
ferent aspects of supersymmetric quantum field theory within a much simpler 
and tractable framework[Tl [5]. However, the importance of developing super- 
symmetric quantum mechanics as an independent subject was soon apparent 
to physicists as well as mathematicians working in this area. Several aspects of 
supersymmetric quantum mechanics have been investigated over the last three 
decades and many of these important developments are summarized in a few 
review articles and books, for example, in Refs. [3l|4l[5]. 

A study on supersymmetric quantum systems with many degrees of free- 
dom was initiated in Ref. [6] , just within two years of the development of the 
subject. However, unlike systems with one bosonic and one fermionic degrees 
of freedom, not many exactly solved supersymmetric many-particle quantum 
systems are known. This is because of the following reasons. Supersymmetric 
systems with one bosonic and one fermionic degrees of freedom are described 
in terms of two Hamiltonians, known as supersymmetric partner Hamiltonians. 
The eigen functions and eigenvalues of one of these Hamiltonians can be ob- 
tained from the other one and the vice verse, by using the intertwining relations 
arsing from the underlying superalgebra 3 . The complete eigen spectra can be 
obtained algebraically provided the partner Hamiltonians satisfy the condition 
of shape invariance and examples of such quantum systems are abundant in the 
literature O mis]. 

In the case of systems with A'' bosonic and A'' fermionic degrees of freedom, 
the supersymmetric Hamiltonian can be expressed in the fermionic basis as a 
2^ X 2^ block-diagonal matrix with A^ -I- 1 components corresponding to A^ -t- 1 
fermionic sectors on the diagonal |7j. Each sector is characterized by the total 
fermion number. The zero-fermion and the A^-fermion sectors are described by 
two different Hamiltonians, while matrix-operators of different dimensions ap- 
pear in rest of the A^ — 1 sectors [7]. The underlying super algebra allows an 
one-to-one correspondence between the eigenfunctions and the eigenvalues of 
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these two Hamiltonians for only systems with one bosonic and one fermionic 
degrees of freedom, i.e. iV = 1. It is true that part of the spectrum of a block- 
operator corresponding to a fixed fermionic sector coincide with the spectra 
of neighbouring blocks for systems with iV > 1. However, a successful imple- 
mentation of the condition of shape invariance, which is essential for showing 
exact solvability, meets with difficulty for arbitrary N. In general, the diagonal- 
ization of the block-diagonal matrix operator is also a highly non-trivial task. 
These technical limitations appear as the main stumbling block for finding phys- 
ically relevant exactly solved many-particle supersymmetric quantum systems. 
Nevertheless, a class of exactly solved many-particle supersymmetric quantum 
systems exists for which the many-body interaction varies inverse-squarely. 

Inverse-square interactions appear naturally in physical systems in two or 
higher space dimensions as the centrifugal barrier. There are several low di- 
mensional condensed matter systems governed by inverse-square interactions [8]. 
Systems with purely inverse-square interaction are also example of conformal 
mechanics in [TU] which are relevant in diverse branches of physics. The Calogero 
model[Tl] is an exactly solved system of N particles interacting on a line through 
pair-wise inverse-square and harmonic interactions. The model is exactly solved 
even if the pair-wise harmonic interaction is replaced by a common confining 
harmonic potential or a periodic version of the inverse-square interaction with- 
out the confining harmonic term is considered jl2). Several other generalizations 
of the original Calogero model have been considered over a period of more than 
four decades and this class of exactly solved many-particle systems is generically 
known as Calogero-Moser-Sutherland systems. There are excellent reviews on 
the topic, for example, in Refs. [131 [Ml [151 [HI [17]. The study of Calogero-Moser- 
Sutherland systems have produced many interesting results which are relevant in 
the context of a diverse branches of physics, including exclusion statistics |18[[T5] . 
quantum Hall effect [20]. Tomonaga-Luttinger liquid [21], quantum chaos [22]. 
electric transport in mesoscopic systems [23], novel correlations [2j, spin-chains [251 
[2Sl[171[Ml[2nil3nil3Ill31l33] etc. These developments are also important 
in the context of mathematical physics, for example, algebraic and integrable 
structure [34l|35l [36], mapping of rational model to Calogero model with Coulomb- 
like potential [37], self-adjoint extensions [38l [3^, equivalence to a system of free 
oscillators [101 m], collective field formulation of many-particle systems:42 etc. 

A supersymmetric version of the rational Calogero Model was introduced 
by Freedman and Mende[43] in 1990. Various aspects of this class of super- 
models have been studied over the last two decades, enriching a general under- 
standing of the integrable structure of many-particle supersymmetric quantum 
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systems [H |llll51llill71llilli[5Dl[SIl[51[S3]. Apart from being examples 
of exactly solved quantum systems, the importance of these models is due to 
their relevance in the study of black- holes [51] . Seiberg-Witten theorv[55]. matrix 
models and string theory [H EH El [59l |60] , collective field theory [611 162 |63], 
many-particle superconformal quantum mechanics [531|S51 jSHl ISZl IMl [Ml IZOl IZIl 
[711[73[71[71[7i[771[7Hj, superpolynomials[7i[Hni[HIl[Hl[H3], pseudo-hermitian 
supersymmetric Calogero models[84] etc. 

The main emphasis of this topical review article is on systems with OSp{2\2) 
dynamical supersymmetry. The rational ^tv+i and BCn+i Calogero models be- 
long to this class and an algebraic construction of spectra of these two models is 
discussed. The eigen value problem of the Hamiltonians appearing in the zero 
and N fermion sectors of the supersymmetric Hamiltonian is solved by using 
the Dunkl operators and the idea of shape invariance[4^. The supersymmetric 
Hamiltonian can also be mapped to a system of free superoscillators through 
a non-unitary similarity transformation, facilitating a construction of the com- 
plete set of states from the free superoscillator basis^Sj. However, only those 
free superoscillator states are acceptable which are invariant under the discrete 
symmetries of the original many-body Hamiltonian. The discrete symmetries 
of the rational A^+i and SCAr+i-type Calogero models are different. Thus, 
although both of these Hamiltonians can be mapped to the same free super- 
oscillator Hamiltonian, the eigen spectra are not identical. 

The mathematical aspects of OSp{2\2) supersymmetry is described in Refs. 
[551 [HI [m [HE]- It is known that OSp[2\2) admits 'typical' as weh as 'atypical' 
representations. The quadratic and the cubic Casimir operators are necessarily 
zero in the 'atypical' representation. The supersymmetric Calogero model in- 
troduced by Freedman and Mende[43] corresponds to 'typical' representation of 
OSp{2\2) group. A supersymmetric version of the rational Calogero model cor- 
responding to the 'atypical' representation of the OSp{2\2) group is presented 
in this article [47], 

The study of VT symmetric non-hermitian quantum system has received 
considerable attention in the literature over the last decade [89 l l90 l W\ \ [92] . Sev- 
eral pseudo-hermitian quantum systems with an exact description of the norm 
in the Hilbert space have been considered [93| [94| [95]. The rational Calogero 
model and its variants have also been considered in the literature within the 
same context [96l[97l[98l [99] ■ A general construction of pseudo-hermitian super- 
symmetric quantum systems and rational Calogero model is presented [84]. 

There are many higher dimensional generalizations of the rational Calogero 
model [Tool 11011 1102] . Although infinitely many exact eigenstates can be ob- 
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tained analytically for these models, not a single Hamiltonian belonging to 
this class is known to be exactly solved for a complete set of states. The 
Calogero-Marchioro model flUU] is one such example of a 'partially solved' sys- 
tem, which has interesting connections with complex random matrix theorv [T03l 
11041 1105] . two dimensional Bose svstems [104j . quantum Hall effect [TUS], quan- 
tum dot |107) . collective field theory [TUB] . The construction of supersymmetric 
Calogero-Marchioro model in arbitrary D space dimensions with OSp{2\2) sym- 
metry is presented. It is also shown that the same model in two space dimensions 
has an extended SU{1,1\2) superconformal symmetry for arbitrary number of 
particles and the generic value of the coupling constant [64] • 

There are generalizations of rational Calogero model where each particle 
interacts only with the nearest-neighbour and the next-nearest-neighbour par- 
ticles through an inverse-square interaction [TOU IllOj . Infinitely many exact 
eigenstates can be obtained analytically for this system for open or periodic 
boundary condition. However, these states do not form a complete set of states. 
This model has a close connection with random banded matrix theory describ- 
ing short-range Dyson model [TTl] and spin chains [112] 11131 11141 1115j . A su- 
persymmetric version of this model with dynamical OSp(2\2) symmetry is pre- 
sented in this article [TT^ . The supersymmetric Hamiltonian can also be equiv- 
alently described as an interacting system of N particles with spin degrees of 
freedom, where each particle interacts with only its nearest-neighbour and the 
next-nearest-neighbour through inverse-square interaction. Such an interpreta- 
tion is admissible by expressing fermionic operators in terms of Pauli matrices 
via Jordan- Wigner transformation. In an appropriate limit, the spin degrees 
of freedom can be completely decoupled from the bosonic degrees of freedom 
and models of nearest-neighbour XY model in an external magnetic field on a 
non-uniform lattice can be obtained. 

The plan of presenting the results in this review are the following. The 
basic formalism for discussing many-particle supersymmetric quantum systems 
is discussed in the next section. The supersymmetric rational A^+i Calogero 
model is studied in section 3. The eigen spectra of the Hamiltonians corre- 
sponding to the zero and the N fermion sectors are obtained with the help 
of Dunkl operators and shape invariance. The section 4 is an exploration of 
systems with 05*^(212) symmetry. The non- uniqueness in constructing model 
Hamiltonians with OSp{2\2) symmetry is pointed out. It is also shown that 
the bosonic 0(2,1) x U{1) sub-algebra of 05*^(212) can be exploited to show 
an equivalence between the many-particle Hamiltonian and a system of free 
superoscillator. In section 5, a general construction of pscudo-hermitian su- 
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persymmetric quantum system with rational Calogero model as an example is 
given. The supersymmetric version of the Calogero-Marchioro models is studied 
in section 6, while models related to short-range Dyson model is presented in 
section 7. Finally, topics not included in this review are briefly summarized 
in section 8. This section also includes discussions on open problems and a 
summary of the results obtained. Several appendices containing mainly mathe- 
matical prerequisites (except section 9.4) are included in section 9. The results 
for supersymmetric rational BCn+i Calogero model is included in section 9.4. 

A few points regarding the unit and convention used in this article. The 
velocity of light, the Planck's constant and mass of identical particles are taken 
to be unity. The angular frequency of the common harmonic confining term is 
denoted as w, which is assumed to be equal to unity, unless mentioned otherwise 
explicitly. All the supersymmetric Hamiltonians considered in this review article 
correspond to 'typical' representation of OS'p(2|2), except for Hamiltonians in 
section 4.1. The supersymmetric phase is characterized by conditions on the 
parameters arising from the criteria that single particle momentum operators 
are self-adjoint for the normalizable zero-energy groundstate wavefunction. 

2 Supersymmetry: General Formalism 

The super-algebra that is relevant in the description of a supersymmetric quan- 
tum system has the general form[l], 

{Qo.,Qp} = '^&o.pH, [i/,Q,] = 0,a,/3 = 1,2,...AA, (1) 

where Qa are M real supercharges and H is the supersymmetric Hamiltonian. 
The super-algebra in Eq. ([T]) can be shown to be a sub-algebra of the rela- 
tivistic two dimensional M extended super-algebra[6]. Higher symmetry may 
persists for specific quantum systems. The main focus in this review article is on 
OSp{2\2) supersymmetry with Af = 2 and on SU{1,1\2) supersymmetry with 
A/" = 4. The relevant superalgebra are given in appendix-H and Appendix-HI, 
respectively. 

The supersymmetric Hamiltonian H depends on the bosonic as well as 
fermionic co-ordinates. The positions and the momenta operators correspond to 
the bosonic operators, while fermionic co-ordinates generally describe internal 
degrees of freedom which may be identified as spin for some specific cases. A 
minimal realization of the superalgebra ^ for J\f = 2 describes a single parti- 
cle suspersymmetric quantum system, where the fermionic degrees of freedom 
are realized in terms of the Pauli matrices. Elements of the Clifford algebra 
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are used to realize the superalgebra for a many-particle quantum system, 
general discussion in this regard on Clifford algebra and realization oi M — 
super-algebra are discussed in the next two sections. 



A 
2 



2.1 Clifford Algebra 

The real Clifford algebra of 2N entities is described by the relations [116], 

fe,?J = 2<5p5, p,g=l,2,...27V. (2) 

An idempotent operator ^2Af+i may be introduced in terms of these elements 
as, 

■^2^+1 = ( — • • ■ ^2N~l£,2N, (3) 

which anti-commutes with all the ^p's. The operator ^2Ar+i facilitates the con- 
struction of the projection operators C2Ar-i-i' 

i^2N+l)'^ — ?27V+1' ^2N+A2N+1 = 0- i^) 

A particular realization of the generators of the 0{2N) group is in terms of the 
elements of the Clifford algebra, 

1 

The generators of the group 0{2N + 1) are realized by including £,2n+i and 
allowing p,q ~ 1,2,...2N + 1 in Eq. ([S])- A matrix representation of the 
elements is given in Appendix-I. 

A set of fermionic variables ipi and their conjugates ipj may be introduced 
in terms of ^i's as, 

= ^ (Ci - «?JV+i) , ipj = ^{(z+i^N+i): i,j = 1,2,...A^, (6) 
which satisfy the complex Clifford algebra, 

{V.,V',} = {V'J,V']} = o, {V.,^]} = %. (7) 

The fermionic permutation operator is defined [44] as, 
1 



4 - , ^^ - i^j] = 1 - (V-. - ) (V-l - ^]) , (8) 

which acts on fermionic operators and satisfies the following properties: 

K.j^l = V^jA'y, K,,4 = i^lK,, for k ^ - 1. (9) 
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The first two relations in Eq. Q may be re-written in a eompaet form as [51]. 

I 

'^{ij)lk = ^Ik — 6u5ki — ^Ij^kj + 6u5kj + 6lj5ki- (10) 

Tlie aetion of Kij on any bosonic operator or variable leaves it unchanged. 

The fermionic vacuum |0) and its conjugate |0) in the 2^ dimensional fermionic 
Fock space are defined as, V^ilO) = Oj V^llO) = V z. The fermion number opera- 
tor rii = ilil^l^i corresponding to the i*'' fermion has the eigenvalue or 1. The 
total fermion number operator is denoted as, Nf — "^^rii, with Nf — and 
Nf — N corresponding to the fermionic and the conjugate vacuum, respectively. 
The action of ipi, V'j on an arbitrary eigenstate \ni, . . . ,ni, . . . ,ni\[) of Nf is the 
following: 

ipilni, . . . ,ni, . . . .un) = 0, if Ui = 

^ |ni,...,0,...,njv), if rii = 1 

V-Jlni, . . . ,n,;, . . . ,nAr) = 0, i/ = 1 

= |ni,...,l,...,njv), «/ n,; = 0. (11) 

It may be noted that the eigenstate . . . , rii, ■ ■ ■ , n^) oi Nf can be constructed 
in the fermionic Fock space by taking linear superposition of ^Cjy^ number of 
base states: 

\ii,i2,...,iNf) ■■=ipltpi---^l^jO), ii <i2 < ■■■iNf (12) 

The action of the permutation operator on the base states is the following [51] . 

Kij\ii, . . . , j, . . . , j, . . .,iNj) = . . . , j, . . . ,1, . . ■,iNf) 
Kij\ii,...,i,...,iNf) = \ii,...,j,...,iN^) j 7^ zi, Z2, . . . iatj. 
Kij\ii, . . . ,iNj) = \ii, ■ ■ ■ ,iNf) i,j¥'h,i2,---iNf (13) 

The permutation operator Kij leaves the vacuum of fermionic Fock space in- 
variant. The operator Kij realizes [5T] a tensor representation of rank Nf of 
the symmetric group Sn of permutations of fermionic operators ipj on the base 
states with fixed fermion number Nf. 

An equivalent expression of ^2JV+i in terms of rii can be written as, 

N 

6^+i=(-i)^n(2"-i)- (14) 

i=l 
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The action of ^2JV+i on a state \Nf) with fermion number Nf is, 
^2N+i\Nf) = {-l)^f\Nf), 0<Nf<N. 



(15) 



Note that £,2N+i leaves the fcrmionic vacuum invariant, i.e., ^2JV+i|0) = |0). On 
the other hand, ^2N+i\0) = (— 1)^|0), implying that the conjugate vacuum is 
invariant for even A'' and changes sign for odd N. 

2.2 Realization oi J\f — 2 Super-algebra 

The Af = 2 superalgebra is reahzed in terms of the real supercharges Qi and 
Q2 as follows, 

N 



<9i = 4= l^iPi + ^N+iWi] , 

1 dW 

* i=l ' 



(16) 



where Xi,pi = are the position and the momentum operators, respec- 

tively. The function W{xi,X2, • • • , xn) is identified as the superpotential. The 
Hamiltonian for the above choices of the supercharges is expressed as. 



N . N 



dxidxj 



(17) 



The matrix representation of ^p's are taken to be hermitian. Consequently, the 
Hamiltonian is hermitian for any real superpotential. It may be noted that Wij 
is symmetric with respect to its indexes, i.e. Wij = Wji. Further, the identity 
J2"=i W^^0 holds for any transnational invariant superpotential. 

It is sometimes convenient to study supersymmetric quantum mechanics in 
terms of complex supercharges, 

1 ^ 
Q -=-7= (Qi - iQ2) = V Vj^i, Ai := Pi - iWi, 

1 ^ 
Qt:=-=(Qi+iQ2)=^^i4 Al:=pi + iWi. (18) 

The operators Ai and satisfy the following relations: 
[Ai,Aj]=0 = 



a'' a'' 

Ai , 



Ai,Al 



A 3 , A\ 



2Wi, 



(19) 
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The superalgebra ((T)) is re-written in terms of Q and its adjoint as, 

H=\{Q,Q^}, g'-0-(gt)2, [H,Q]=0=[H,Q^. (20) 

The supersymmetric Hamiltonian H in Eq. (I17p has the following expression in 
terms of the fermionic operators: 

N N 

2—1 i-J — ^ 

N N 

= 2 E l^'' + - + E ■ (21) 

The supersymmetry-preserving phase is characterized by the existence of state(s) 
with ground state energy Eq — 0, while that of supersymmetry-breaking phase 
as Eq > 0. The wave-function should be well-behaved in both the cases. The 
first equation of (PO)) implies that the ground state of H with i?Q = is anni- 
hilated by both Q and Q^. The ground states $o, '&Af are determined from the 
defining relations of the supercharge in Eq. (1181) , 

Both 00 and (j>N will not be normalizable simultaneously for the type of super- 
potential that will be considered in this article. The supersymmetric phase is 
characterized by normalizable $o or/and for which each pi is self-adjoint. 

The total fermion number operator Nf commutes with the Hamiltonian and 
simultaneous eigenstates of H and Nf can be constructed. The 2^ dimensional 
fermionic Fock space is decomposed into + 1 fermionic sectors with < Nf < 
N. The projection of the Hamiltonian H to a. fixed fermionic sector with the 
fermion number Nf produces ^ C^f x^Catj, matrix- Hamiltonian ) and the 
identity X]7V/=o ^^^t ~ holds trivially. The projected Hamiltonian H^'^f^ 
is obtained by evaluating H in the basis given in Eq. (fT2|) : 

H^'^f^ = {iN,.-.-MH\iu---^Nj). (22) 

In the same basis, the Hamiltonian H has a block-diagonal structure, H = 
diag{H'^'^\H'^'^-^\ . . .,H'^^f\ . . . , The zero-fermion sector and 

the A^-fermion sector of H define the Hamiltonians, 

1 ^ 

H^"^ = ^E(p? + ^'-^^0> 

i=l 
1 ^ 
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If the superpotential depends on an overall multiplicative parameter A, i.e. W ~ 
\W, then the bosonic potentials of H^^^ and if^^^ are shape- invariant. In 
particular, ff(^)(A) = H<-°\-X) for any choice of the superpotential. The 
bosonic potentials of these two Hamiltonians may be shape invariant for specific 
choices of W. However, as Eq. ([25)) implies, the eigenspectra of _ff and H^^") 
are not in one-to-one correspondence. Thus, the shape invariance condition can 
not be implemented as in the case of system with iV = 1. The N x N matrix 
Hamiltonian corresponding to Nf = 1 has the form. 



H 



(1) 



= (^Ijl + - ^fcO j + . (24) 



The matrix-Hamiltonians for higher Nf < N can be obtained in a sim- 

ilar way. However, diagonalizing the Hamiltonian H^-^f^^ for arbitrary Nf or 
implementing the shape invariance condition successfully is a daunting task. 

For quantum systems with only one degree of freedom, i.e. = 1, the 
fermionic Fock space is two dimensional. The Hamiltonian H has a block- 
diagonal structure H = diag{H^^\ H'^^^}, where iJ'^*'-' and are identified as 
partner Hamiltonians [3]. In the same fermionic basis ([T2|) . the supercharge Q 
and can be expressed as 2 x 2 matrix operators: 

The superalgebra relates the partner Hamiltonians through the intertwining 
relations, 

[H,Q] = ^ H^'^^Ai =AiH^^\ 

[H, gt] = ^ = A\h'^^\ (26) 

These relations allow an algebraic derivation of the complete spectra and the as- 
sociated eigen states of the partner Hamiltonians for shape invariant potentials [3]. 

The scenario for many-particle systems with > 2 is quite different from 
the one described above. The supercharge Q {Q^) changes the fcrmion number 
from Nf to Nf + l{Nf — 1) and has the following over-diagonal(under-diagonal) 
structure ff] in the fermionic basis (fT2|) . 



[Q]pg = Sp, p+iQp-i^p, [Qlp, ^-^pp-iQL-i, P,q = l,2,...Nf, (27) 

where Spq is the Kronecker delta, Qp-i^p := (ip, . . . , ii|(5|ii, . . . , ip-i) is a ma- 
trix of dimension ^Cp_i Cp depending on the operators Ai and := 
{ip-i, . . . , jilQ^I*!, ■ . ■ ,ip) is a matrix of dimension ^Cp Cp_i depending on 
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the operators A| . The underlying superalgebra leads to the following intertwin- 
ing relations [7]: 

HiN-^-i)Ql^^^ - Ql,,H^''-'>, ^^Q,l,...,N-l. (28) 

It follows that a part of the spectrum of coincide with the spectra of 

neighbouring block-Hamiltonians and However, a successful 

scheme of implementing the condition of shape invariance is still beyond the 
reach for arbitrary N. The diagonalization of involves solving a set of 

^ Cnj coupled second order partial differential equations which is in general 
a difficult task. These technical limitations restrict the number of physically 
relevant exactly solved many-particle supersymmetric quantum systems. 



3 Exactly Solved Systems in One Dimension 

Several supersymmetric many-particle quantum systems may be obtained by 
suitably choosing the superpotential W . Different choices of the superpotential 
lead to different interaction terms in the many-particle Hamiltonian H. The 
main focus of this review article is on many-body systems with inverse-square 
interactions. The bosonic potential in H scales inverse-squarely if the superpo- 
tential is chosen as, 

W^Wo = -lnG{xi,...,XN), Y/^^^.='^^ (29) 

where d is the degree of the homogeneous function G. In general, Hamiltonians 
with purely scale-invariant bosonic potentials do not admit bound states. In the 
present article, harmonic confining potential will be added for the description 
of bound states for which the superpotential is of the form, 

N 
i=l 

The bosonic potential in H due to the superpotential W in Eq. ([50]) contains 
harmonic confining potential and inverse-square many body interactions. It 
may be noted that the cross-term arising from X^ili produces an additive 
constant in H that is equal to the degree of the homogeneous function G. 

The supersymmetric Hamiltonian Hq corresponding to the superpotential 
Wo has 0(2, 1) symmetry. The Dilatation operator D and the conformal oper- 
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N 



N 



ator K, 

D = -j^{xiPi+piXi) , K=—, r'^ = ^xi, (31) 

1=1 i=l 

along with Hq satisfy the 0(2, 1) algebra (jl54p . The Casimir operator C of the 
0(2, 1), as given in Eq. (|155p . has the following expression, 



C 



V 



1 

4 

E 



N 

V dxi 



r^V + -N{N ~ 4) 



dx'i 



N 



(32) 



where L^j = XiPj — XjPi are defined as the angular momentum operators. The 
potential V scales inverse-squarely. Consequently, in the iV-dimensional hyper- 
spherical coordinate system, r^V contains only angular variables. The Hamil- 
tonian H — Hq + uP'K thus always can be separated into an angular and a 
radial part in the TV-dimensional hyperspherical co-ordinate. The Hamiltonian 
H contains a harmonic plus an inverse-square interaction. 



H 



2 



C 



1 



C := 4C - -N{N - 4) 



(33) 



2 ' 2r^' ' ' " 4' 

with the co-efficient of the inverse-square term determined in terms of the eigen- 
values of the Casimir. The Hamiltonian is integrable for a fixed eigenvalue of 
C. Infinitely many exact eigenstates and the corresponding eigenspectra may 
be obtained analytically for a fixed eigen value of C. However, the eigen value 
equation for C can be solved completely for specific superpotentials only and 
the corresponding potentials belong to exactly solved systems. 



3.1 Rational A^^i Calogero Model 

There are very few many-particle quantum systems for which the complete eigen 
spectra and the associated eigen states can be obtained analytically, the rational 
Calogero model being one of them[TT]. The Hamiltonian for this model describes 
N particles interacting with each other on a line through pair- wise inverse-square 
plus harmonic interactions. The supersymmetric version of this Hamiltonian 
was first considered in Ref. [33] and was shown to be exactly solvable. The 
supersymmetric generalizations of Calogero-Sutherland models based on all the 
root systems with rational, trigonometric and hyperbolic potentials have also 
been considered [151 B51 [501 [75] . The main emphasis of this topical review 
being systems with OSp(2\2) supersymmetry, the discussion is restricted to 
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rational models corresponding to different root systems. The rational Aat+i 
Calogero model is described below and rational BCn+i model is included in 
Appendix-IV in section 9.4. 

The superpotential for the Ajv+i-type rational Calogero model is given by, 

= - Xi,j + ^ X! ' =Xi- Xj . (34) 

i<j i 

The Hamiltonian (PT|) . with the above choice of W, has the following form, 

i * i=ij i 

+ ^^V'lV'. + A^x-2(^t^,-V;l^^.). (35) 

i i=£j 

The Hamiltonian is invariant under the permutation symmetry: 

Xi o Xj , ipi o ijjj , ipj o V] • (36) 

The last term in psp can be expressed in terms of the fermionic exchange 
operator Kij defined in Eq. ([S]) as. 

The configuration space of the system is divided into A^! different sectors char- 
acterized by a definite ordering of the coordinates of the particles, xi < X2 < 
... < xn and its all possible permutations. The inverse-square interaction is 
singular at the coinciding points Xi — Xj. The many-body wave- functions and 
the associated probability currents are taken to be vanishing at these points 
which allows a smooth continuation of the wave-function from a given sector in 
the configuration space to all other sectors. 

The ground state wave- function of the super-Hamiltonian with _Eq = reads, 

N 

$o = 0o|O), 00= n (38) 
i<j=i 

which is normalizable for A > — i. However, a negative value for the param- 
eter in the range — ^ < A < necessarily leads to singularities in $ at the 
coinciding points Xi = Xj. A stronger criteria that each momentum operator 
Pi is self-adjoint for the wave-functions of the form $o requires A > 0. The 
supersymmetry is preserved for A > 0, while it is broken for A < 0. 
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3.2 Shape Invariance and Exact Solvability 

The Hamiltonian in the zero-fermion sector reduces to the rational Aat+i Calogero 
modeh 



,2 



i * i^j i 

E^"+' EE |iV[l + A(7V- 1)]. (39) 

The complete eigen values and the eigenstates of if'"' and 71^"+^ can be ob- 
tained using the ideas of supersymmetry and shape invariance |49|. It may be 
noted that many-body potentials of the Hamiltonians H'^^'> and H^^'' are shape- 
invariant, 

ij(^)(A,w) = i/(")(A + l,w) + |iV(iV + l) 



+ ^[l-A(7V-l)]. (40) 

However, no direct relation between the eigen- spectra of if^") and H^^'> can be 
shown, as in the case of supersymmetric quantum mechanics with one bosonic 
and one fermionic degrees of freedom. Nevertheless, the shape invariance can 
be used to obtain the spectrum of H'^'^^ or H'^^^ with the introduction of per- 
mutation and Dunkl operators |49). 

The Dunkl operator for the rational A^+i Calogero model is defined as, 

TT, +a ^ x^r.iMy, (41) 

where the exchange operator Mij satisfies the following properties [141 [15] . 

M,j = = Aft. = Mj„ M,j(/.± = ±0±, 

MijOi = OjMij, MijOk = OkMij if i,j,k distinct, 

M,jk ■■= M.jMjk, M,,k = MJk^ = Mfe^J. (42) 

The fmiction cj)^ [cj)^) appearing above is a(an) symmetric(anti-symmetric) func- 
tion of the N bosonic co-ordinates and Oi is a single-particle bosonic operator 
in the phase space. The exchange operator My acting on any fermionic opera- 
tor leaves it unchanged. The Dunkl operators tt^ commute with each other, i.e. 
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[TTjiTTj] = 0. A set of operators ai,a| are introduced, 

flj := — iujXi, a| := TTj + iuxi, (43) 

which satisfy an extended version of the Heisenberg algebra involving the per- 
mutation operators Mij: 



= 2ujSij I 1 + A ^ M,fc I - 2 (1 - Sij) XioMij. (44) 

ki=it) 



All other commutators involving and their adjoints vanish identically. The 
Hamiltonian and its partner Hamiltonian H are introduced as follows: 

1 ^ 1 ^ 

i=l 1=1 

The Hamiltonian "H reduces to if My acts on symmetric functions only, 
whereas H becomes H^^^ if Mij acts on antisymmetric functions only. No 
choice between the symmetric and the antisymmetric functions will be made in 
the discussions below and the results obtained are valid for either cases. The 
convention is that an(a) uppcr(lower) sign in the expressions below corresponds 
to the case that M^j only acts on symmetric(antisymmetric) functions. 

The extended Heisenberg algebra can be used to show one to one correspon- 
dence between the non-zero energy eigen values of 7i and H. In particular, if (f) 
is the eigcnstatc' of H with eigenvalue £■(> 0), then Aicf) is the eigenstate of H 
with eigenvalue E + 5i i.e. 

■H{Ai<p) = [E + Si]{Ai<P), (46) 
where the operator Ai is defined as, 

Ai:=J2ai, Si = [{N-l)±XN{N-l)]uj. (47) 

i 

Similarly, if ^ is the eigen state of H with eigenvalue E, then A\<p is the eigen- 
function of H with eigenvalue E — 5\ i.e. 

U{A\^) =[e- 5i] . (48) 

The energy eigenvalues and eigenfunctions of the two partner Hamiltonians % 
and 1-L are thus related through the following relations: 

En = En+i+5i, £0=0, n = 0,l,2,... 
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The standard results of supcrsymmetric quantum systems with one bosonic and 
one fermionic degrees of freedom are reproduced for = 1. The energy levels 
of H and H are non-degenerate for S ^ 0. 

The shape invariance condition for the partner Hamiltonians H and H reads, 

■H{X) =H{X)+RiX), 

R{X)^[N±XN{N~l)]Lu = io + Si . (50) 

Following the standard formalism of supersymmetric quantum mechanics [3] and 
using the first equation of the spectrum of H is determined |49j: 

En = n{RiX)-Si) 

— nuj . (51) 

The eigen values of are thus equal to the eigen values of N free harmonic 

oscillators shifted by a constant, 

= En + E^"^' = Ljn + |iV [1 + X{N - 1)] . (52) 

The n*^ eigenstate is obtained as, 0„ = (^^i^ 0Oi since Ai and A\ can be 
identified as the annihilation and creation operators, respectively. In general, 
the following identities hold true, 

JV TV 

A„:=^ar, At :=^(al)", n<N, 
1=1 1=1 

[n,An]^-nAn, [n,Ai]^nAl (53) 

Further, the operators An, Al^,H,H satisfy relations which are analogous to 
those given by Eqs. and This facilitates a construction of all the 

degenerate states (pim], 

N N 

'f>M^Y[{'^iy^ ^0, fc = ^n, , (54) 

i=l i=l 

corresponding to a particular value of k. All the corresponding states of H can 
be obtained by applying the same Ai on 0{„.}. 

4 OSp{2\2) Supersymmetric Systems 

The supersymmetric rational Ajv+i Calogero model has a dynamical OSp{2\2) 
symmetry [?3]. The celebrated Calogero model is obtained by projecting the 
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supersymmetric Hamiltonian H in the zero fermion sector, i.e. Nf = 0. There 
exists a possibihty of constructing a new supersymmetric many-particle quan- 
tum system with dynamical OSp{2\2) supersymmetry that is different from H, 
yet it reduces to the celebrated Calogero model in appropriate limit. In particu- 
lar, the Hamiltonian H constructed by Freedman and Mende[35] corresponds to 
'typical' representation of 05*^(212). The 'atypical' representation of OSp{2\2) 
with the same superpotential W in (p4|) produces a many-particle supersym- 
metric quantum system that is different from H[A7 . Thus, the construction of 
OSp{2\2) supersymmetric Calogero model is not unique. 

The structure equations of 05*^(212) symmetry are given in Appendix-II. In 
this section, the superpotential W is replaced by Wq as defined in Eq. ([29]) 
and the corresponding Hamiltonian H in Eq. ([T7|) or in Eq. (PT|) is denoted as 
Hq. a coordinate realization of the dilatation operator D and the conformal 
generator K is given in Eq. (|3T|) . The real supercharges Qi,Q2 are described 
in Eq. (jl6p . The remaining three generators Si , 5*2 and Y corresponding to the 
'typical' representation of 05*^(212) are realized in the following way: 

1 ^ 
V ^ i=i 




Y £N+^^^+2d \ . (55) 



These operators can be expressed in terms of fermionic operators, 

v2 v2 

Nf N d 

Y = i- + . (56) 

2 4 2 ^ ^ 

The hypercharge Y is related to the total fermion number operator Nf and S 

factorizes the conformal generator K. 

The Hamiltonian Hq is scale invariant and its ground state wave-function, 

0o = G(a;i,...,a;jv) |0), (57) 

is not even plane-wave normalizable. The time-evolution of such scale invariant 
supersymmetric systems are generally studied in terms of the operators [SJ [TOl 

HZ], 

n± = R±ujY, R:=^{Ho+uj^K) . (58) 

The generator of the compact rotation R of 0{2, 1) and the hypercharge Y are 
simultaneously diagonal in the Cartan basis. The operator 7^+ is related to 
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and the vice verse through an automorphism of the OSp{2\2) algebra. Thus, 
either Ji^ or "H- may be identified as the supersymmetric Hamiltonian and 
the choice in this article is the Hamiltonian The Hamiltonian H- can be 
expressed in terms of supercharges F and as follows, 

J- ^ (Q - zwS*) , P -.^ ^{Q^ + iujS^) , = ^ { J", J^t} . (59) 
V 2 V 2 2 

The Hamiltonian H in Eqs. pTl [2l1) with the superpotential as given in Eq. 
PI)) is identical with 2H_. 

The bosonic generators Hq,D,K,Y and the fermionic generators Qi , Q2 , 5*1 , 52 
with the co-ordinate realization described above satisfy the structure equations 
of OSp{2\2). The quadratic and the cubic Casimir operators of OSp{2\2) are 
non-vanishing and hence, this particular co-ordinate realization of generators 
corresponds to the 'typical' representation of OS'p(2|2)[47]. The arguments in 
favour of non- vanishing C2 and C3 are as follows. The terms appearing in the 
expressions of C2 and C3 in Eq. (|156p have the following co-ordinate realization: 




= ^ I + ^ + )_J CN+^^^ + IY1 ^^^1 I (60) 

The operator i[Qi, Si] + i[Q2, S2] — Y'^ appearing in C2 does not contain any 
term proportional to Lify However, the Casimir operator C in Eq. (15^ con- 
tains a term proportional to Lfy This implies that C2 in (|156p can not vanish 
identically. The cubic Casimir operator C3 is also non- vanishing, since it con- 
tains a term of the form F which can not be canceled from rest of the terms 

''J 

appearing in its definition in Eq. (jl56p . 



4.1 Non-uniqueness of the Construction 

The operators Hq, D, K^Qi and Si have identical coordinate realizations in 
'typical' as well as in 'atypical' representations of OSp{2\2). The operators 
Q2, 5*2 and Y have different coordinate realizations corresponding to two differ- 
ent representations of the group. The operators Q2, S2 and Y in the 'atypical' 
representation of 05*^(212) are realized in the following way, 

Q2 = —i£.2N+iQi, S2 = ~i^2N+lSi 
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Y 



. N 

-y 



N 



N 



(61) 



The structure equations of OSp{2\2) are now satisfied by the bosonic generators 
Hq, D, Y and the fermionic generators Qi, Q2, Si, 82- The 'atypical' reaUza- 
tion of the OSp{2\2) superalgebra is possible only for N > 2. No independent 
coordinate realization of Q2, S2 and Y, other than the one given in Eqs. (116155^ . 
is admissible for systems with one bosonic and fermionic degrees of freedom. 

The cubic Casimir operator can be expressed in terms of the quadratic 
Casimir operator in the 'atypical' representation [87]: 

C27V^ 



C3= Y- 



C2 



(62) 



Further, the Scasimir operators Cs,Cs defined in Eqs. (|158p and (|160p are 
identical in this representation. Using the second equation of (|161|) . definition 

of C's and the identity, 



Y' = -{c: 



(63) 



it follows that the quadratic Casimir operator C2 vanishes identically. Con- 
sequently, the cubic Casimir C3 is identically equal to zero for this particular 
representation. The spectrum is not completely specified by the eigenvalues of 
Casimir operators and hence, the representation is 'atypical'. The Scasimir Cs 
can be used to determine the spectrum, since it commutes with the bosonic 
generators and anti-commutes with the fermionic generators. 

A new supersymmetric Hamiltonian preserving the 05^(212) symmetry may 
be introduced in the 'atypical' representation: 



N + 2d 



LijB 



w 



2J 

E 

id 



(64) 



where W is identified with Wq defined in Eq. ((29|) . The Hamiltonian T-L± can 
also be casted in a manifestly supersymmetric form, 
1 

2' 

^2Ar+l (<3l - i^^i) ' ?27V+1 (Ql + "i-^^l) ■ (65) 



P 



-1 {Qi 
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The difference between H± and 'H± lies in the expressions of the hyper-charges 
Y and Y, respectively. Unlike in the case of "Hi, the total fermion number 
operator Nf does not commute with 'H±. Consequently, the eigenstates of 
'H± can not be constructed as simultaneous eigenstates of Nf. However, 'H± 
commutes with Y and simultaneous eigenstates of these two operators can be 
constructed. If the eigenvalue of Y is chosen as 3^+ — j {N + 2d) and R is 
projected in the fermionic vacuum |0), then 21-1- reduces to the purely bosonic 
Hamiltonian H^'^K Similarly, 2?i_ reduces to the purely bosonic Hamiltonian 
IjW for the choice of the eigenvalue Y as = j {N — 2d) and projection 
of R in the conjugate fermionic vacuum |0). Thus, the same Hamiltonians 
may be obtained from two different supersymmetric Hamiltonians 
with 05*^(212) symmetry. 

The Hamiltonian for the rational An+i Calogero model is given by, 

•W 1 I 2 ^ 2 2 ^ V- A(A-1) \ ^ A ^ - 



± 




. , . (xi Xj]'^j 2 . (xi Xj )'^ 

\n + AiV(iV -\)-^Y. (Vl^l + {GUj G-^) 



A 



E (^1^. + ^}^^) E ^ + E ^ ] ' (66) 



where G = Y[i<j ^ij- ^'^^ known whether 'H± is integrable or not. Many 
exact eigenstates of 'H± can be constructed explicitly using the underlying 
05p(2|2) supersymmetry. The quadratic and the cubic Casimir operators being 
zero in the 'atypical' representation, these operators can not be used to charac- 
terize the spectra. Further, as in the case of 'typical' Calogero model, OSp{2\2) 
is not the full spectrum generating algebra of 'H±. Alternative methods are 
required to establish (non-)integrability of 'H±. 



4.2 Mapping to Free Super-oscillators 

The Hamiltonian H in Eq. psp is exactly solvable in both supersymmetry- 
preserving and supersymmetry-breaking phases [43l SH |45]. The spectrum in 
the supersymmetry-preserving phase is identical to that of the N free super- 
oscillators, while in the supersymmetry-breaking phase, it has no counter-part 
in the super-oscillator model[43]. This is primarily because of the fact that the 
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supersymmetry is always preserved in the super-oscillator model, once the con- 
vention for choosing the ground state in either zero or TV fermion sector has been 
made. This is a good indication that the rational A^^i Calogero model in the 
supersymmetry-preserving phase may be mapped to a set of free superoscilla- 
tors through a similarity transformation, much akin to its non-supersymmetric 
version [TOj. The superpotential of the rational ^at+i Calogero model is given 
in Eq. (|34p and without any loss of generality ut is taken to be unity in this 
section. 

4.2.1 Supersymmetry-preserving Phase 

The mapping of to a system of free super-oscillators is achieved as follows: 
Hi ^ e^He-^ (67) 

^ ^eS + ^E-v'^-aE-^-'(v'1^^-V'JV'.). (68) 

It may be noted that N j commutes with both iJi and S. Making use of the 
following identity, 

_ ^ . 

the operator is mapped to the operator iJ2, 
= THT^^ 

= E(^»^+^1^^)' T:=e^e'^, (70) 

which may be considered as a supersymmetric generalization of the Euler oper- 
ator. The familiar form of the super-oscillator Hamiltonian may be obtained in 
the following way, 

The mapping of H to i?s/io £icts as a necessary condition for establishing the 
equivalence between the two. The sufficient condition is satisfied provided the 



= -25, 



(69) 
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complete spectrum of H is obtained from that of H2 or Hsho by using the 
similarity operator T. Thus, the similarity operator T should not take the 
original Hamiltonian out of its Hilbert space and the domain of T, H and 
H2{Hsho) should be identical. 

If Pn,k is an eigen- function of H2 with the eigen- value E„^k, then, H has the 
same eigen- value E^^k with the eigen-function given by, 

X - T-'PnM |0 > . (72) 

The eigenfunctions Pn,k, which are invariant under the combined exchange of 
the bosonic and the fermionic coordinates, i.e. {xi,ipi) O (xjjipj), produce 
physically acceptable x- Any departure from this prescription for choosing 
Pn,k produces essential singularity in x and is not physically acceptable. The 
complete eigenstates and eigen spectrum of H can be reproduced using the 
similarity transformation and a complete set of Pn,k that is constructed using 
the prescription described above. This shows the equivalence between H and 
Hsho- An example of Pn.k that corresponds to Nf = 1 solution of H2 with 
energy eigenvalue En^k = 2n + fc is given as, 

N 

i'n.fc n = 0,l,...,fc = 1,2,.... (73) 

i=l 

The action of S"^,m > 1 on Pn.k does not produce any singularity [4F. In 
general, Pn.k for arbitrary Nf may be chosen as, 

Pn,k = ^^2" f^,^2...^«f {xi,X2, ...,Xn) ^^^^ • . • i'l^^ , (74) 

^ 21,12, 

where fi-^i2...iKj, is anti-symmetric under the exchange of any two indices and 
is a homogeneous function of degree k — Nf. The anti-symmetric nature of 
/ ensures that Pn,k is permutation invariant under the combined exchange of 
bosonic and fermionic coordinates. No closed form expression of /iiia - iw^ fo^ 
arbitrary Nf is known. 

An algebraic construction of the eigen spectrum of H is allowed through the 
introduction of the operators [46]. 

K = K = ^Xi, := -0^" := V'i 

- bf^ T, F± = T-^ (^Y: ^^"") ^' 

<lt=T-'(Y^T{bfr]T. (75) 
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The operators and F^f satisfy the algebra of N independent superoscihators 
with frequencies 1, 2, . . . , A^, namely, 

[H, i?±] = ±ni?± , [H, Ft] - ±nF±, 

{qt,F+}= B+ , [gr ,B+]= 2nF+ , (76) 

and so on. Thus, 

N 

X«,...„„.,....„ = n Br''F+"'' $0, (77) 
fe=l 

is the eigenfunction of H with the eigen- value, 

N 

E^J2k{nk + iyk), nfc = 0,l,...;i.fe = 0,1. (78) 

fe=i 

The spectrum of H is identical, including degeneracies at each level, to that of 
N superoscihators with frequencies 1, 2, . . . , iV. 

4.2.2 Supersymmetry-breaking Phase 

The eigen-spectrum of the rational A^v+i Calogero model in the supersymmetry- 
breaking phase can also be constructed from the known super-oscillator basis by 
making use of a duality property of the model[lS]. In particular, a new super- 
Hamiltonian may be constructed [13] from H by using the transformation: 
A ^ -A and tpi O V'l, 

H = Hd + 2Nf - N[l + X{N -1)]. (79) 
The ground state of Hd is in the N fermion sector, 

|. = e-^ |0>=[|a;,-.^e-^S."' |0>, A < 0. (80) 

The supersymmetric phase of Hd is described by A < 0. This condition on A 
ensures that each momentum operator pi is self-adjoint for wave- functions of the 
form The Hamiltonian Hd differs from the original Hamiltonian H by the 
fermionic number operator and a constant. This implies that any eigen-function 
of this dual model is also a valid eigen-function of the rational Ajy^i Calogero 
model. Of course, the corresponding energy eigen-values are different from each 
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other. For example, the wave-function $ is also an eigen-state of H with positive 
energy. This is, in fact, the ground state of H in the supersymmetry-breaking 
phase [33]. The complete spectrum of H in this phase can be obtained from Hd 
by making use of the second equation of (|79l) . 

The dual Hamiltonian can be shown to be equivalent to a free super-oscillator 
Hamiltonian through a similarity transformation pB] . The eigen-spectrum thus 
obtained from the super-oscillator model via the dual Hamiltonian indeed cor- 
rectly describes the supersymmetry-breaking phase of the rational Ajv+i Calogero 
model. An algebraic construction of the complete set of eigenstates is admissi- 
ble with the introduction of the bosonic creation operator _B+ and the fermionic 
creation operator F^^ , 

The eigenstates and the associated eigen values are, 

N 

4'ni,...,n„,i'i,...,n„ = IT -^fe^ ^ ^' 

fe=l 

N 

E ^ N[l^ X{N ^1)] + Y [^'"fe + {k-2) Uk] . (82) 

k=l 

The bosonic quantum numbers n^'s are non-negative integers, while the fermionic 
quantmn numbers z^fe's are either or 1. 



4.2.3 Generalization 

The mapping of H in Eq. (PT|) to a set of free superoscillators through a simi- 
larity transformation is valid for a class of superpotential of the form given in 
Eq. §UI^6 -. 

H2 = fHf-\ f:=e^e^ 

^■■=T.(l^ + ^^^) + E w^^^^lV'. + E (83) 

The homogeneity condition on G ensures that the resulting Hamiltonian has a 
dynamical 05^(212) supersymmetry with the bosonic sub-algebra 0{2, 1) x U{1). 
The presence of the symmetry algebra 0(2,l)xC/(l) in a Hamiltonian is enough 
to show its equivalence to free super-oscillators. The supersymmetry of the 
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Hamiltonian does not play any role. The mapping to free super-oscillator is 
achieved even if the 05^(212) symmetry of a Hamiltonian is lost, but, has 
only 0{2, 1) x U{1) symmetry. The mapping can be considered as a necessary 
condition, while the construction of the complete spectrum and associated well- 
behaved eigen-functions of the original Hamiltonian from the super-oscillator 
basis is sufficient to claim the equivalence between these two Hamiltonian. 

The rational BCn+i Calogero model with 05^(212) supersymmetry can 
be mapped to free superoscillators on the half- line [46j. The complete eigen 
spectra, including the degeneracy at each level, can be obtained from the free 
super-oscillator basis. Relevant results in this regard are described in section 
9.4. The mapping is also applicable to a class of OSp{2\2) supersymmetric 
models [TT^ related to short-range Dyson models [TU9) which are discussed in 
section 7. Although infinitely many exact eigenstates can be constructed from 
the superoscillator basis, the exact solvability is not known for this class of 
models. Thus, an equivalence between such models with super-oscillator can 
not be claimed. A careful analysis is required to check whether the similarity 
operator is taking the original Hamiltonian out of its Hilbert space or not. A 
similar study on the domain of the similarity operator and the Hamiltonian is 
also desirable. 

A comment is in order before the end of this section. A mapping of purely 
rational Calogero model (i.e. H without the harmonic confinement and the 
fermion number operator terms) to a system of free particles has been intro- 
duced later in Ref. [S3] by using a unitary operator. This has been achieved 
at the cost of making the special conformal generator of the underlying 0(2, 1) 
symmetry non-local. An attempt to generalize this result to the case of map- 
ping the Calogero model with harmonic confinement term to that of a system 
of free oscillators essentially leads to non- unitary similarity operator [5^. The 
non-unitary nature of the similarity operator is in conformity with the existing 
results [46]. However, the explicit form of the similarity operator is quite different 
for these two cases and the readers are referred to the relevant references [151 [55] 
for details. 

5 Pseudo-hermitian Supersymmetric Systems 

The definition of a hermitian operator crucially depends on the choice of the 
inner-product (/norm/metric) in the Hilbert space. The metric in the Hilbert 
space is always chosen as an identity operator in the standard treatment of 
quantum mechanics and a hermitian operator is defined to be equal to its own 



27 



complex-conjugate transpose. Operators not satisfying the above criteria are 
termed non-hermitian and have been used extensively to simulate dissipative 
quantum processes. Hermitian operators in a Hilbert space that is endowed 
with an identity operator as the metric is known as Dirac-hermitian operator in 
the current literature. 

The question of necessity of Dirac-hermitian operators in formulating quan- 
tum physics is as old as the subject itself. A renewed interest[89l [90l [HH [22] 
has been generated over the last decade in addressing the same question in a 
systematic manner. The current understanding is that a quantum system with 
unbroken combined Parity(7') and Time-reversal (7~) symmetry admits entirely 
real spectra even though the system may be non-Dirac-hermitian. It has been 
further shown that quantum system with unbroken 'PT-symmetry also admits 
a symmetry which is identified as a charge-conjugation (C) symmetry. A con- 
sistent quantum description including reality of the entire spectra and unitary 
time-evolution of the non-Dirac-hermitian system is possible with the choice of 
a new inner-product involving the C7^T-svmmetrv|89) . 

An alternative description of T^T-symmetric theories is in terms of pseudo- 
hermitian operator [90l [9T]. An operator O that is related to its hermitian- 
conjugate through a similarity transformation is defined as a pseudo-hermitian 
operator, 

6t=^0^-i (84) 

The hermitian conjugation of O is taken in the Hilbert space Hd that is endowed 
with the inner product (-I-). The Hilbert space that is endowed with the inner 
product ((•!•)),,+ ■— (•|?/+-) is denoted as 'H,,^. In general, the similarity opera- 
tor r] is not unique. However, if a positive definite similarity operator 77+ exists, 
the operator O can be shown to be hermitian in the Hilbert space Uri^ ■ Further, 
O can be mapped to a hermitian operator O through a similarity transforma- 
tion, i.e. O — pOp~^, where p := ^/r]+. Consequently, a consistent quantum 
description including reality of the entire spectra and unitary time evolution is 
possible for the operator O which is non-Dirac-hermitian, but, hermitian in a 
Hilbert space with the metric 77+. 

Several non-hermitian quantum systems admitting an entirely real spectra 
and unitary time-evolution have been constructed ih'Hd, for example, in Refs. 
[HH Uni [Ml [Ml [S3 ■ The VT symmetric extensions of Calogero models have been 
studied in Refs. (HH |96l [Ml [Ml IM]- A general construction of many-particle 
pseudo-hermitian supersymmetric systems is presented below which is valid for 
any superpotential. The pseudo-hermitian supersymmetric rational Calogero 
model is included as an example. The discussions below are based on Ref. 
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5.1 Isospectral Deformation 

Pseudo-hcrmitian quantum systems can be constructed by isospectral defor- 
mation of known Dirac-hermitian quantum systems [S3]. The general method 
involves a realization of the basic canonical commutation relations defining the 
quantum system in terms of non-Dirac-hermitian operators, which are hermi- 
tian with respect to a pre-determined positive-definite metric in the Hilbert 
space. Appropriate combinations of these operators produce a large number of 
pseudo-hermitian quantum system. 

5.1.1 Deformation involving bosonic coordinates 

The metric 7/'j_ in the Hilbert space H^^b is chosen as, 

7?^ :=e-2(^■^+i^e(w_))^ W±^^{W,±W2) S e R, (85) 

where Wi,2 are two complex functions of the N bosonic co-ordinates. The 
functions W+(VF_) can be made real even for complex W\,Wi- For example, 
Wi, Wi may be decomposed as, 

PFi = VF + x + z6ii, W^2 = M^-X + i6i2, (86) 

where W, x, ^i, ^2 are four real functions of the N bosonic co-ordinates. A real 
W+ = is obtained for Q\ = —62 = 0. The operator B acts on the bosonic 
co-ordinates only. The bosonic co-ordinates Xi and the momenta Pi are assumed 
to be non-hermitian in T-L^b for the type of operator B that will be considered 
in this article. A set of hermitian co-ordinates Xi and momenta Pi in "Hj^t may 
be introduced as follows, 

Xi = p^^Xip, Pi = p^^PiP, p ■■= ^Jrj^. (87) 

The non-Dirac-hermitian operators Xi,Pi trivially satisfy the basic canonical 
commutation relations [Xi, Pj\ — 6ij. It may be noted that the similarity trans- 
formation (j87p keeps the length in the momentum space as well as in the co- 
ordinate space invariant. 

There are several choices for the operator B appearing in the metric rj'^ in 
Eq. ([55)1 . For example, 13 may be chosen as a linear combination of the angular 
momentum operators, 

N 

B . ^ ^ Cij ^ij J ^ij • "^iPj •^jPij ^ij ^ji € (^^) 
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with restrictions on the co-efficients such that all the eigenvalues of B are 
real. The reality condition on the eigenvalues of B ensures the positivity of rj^. 
A simple form of B is chosen in this article: 

B := Ci2 = X1P2 - X2Pi. (89) 

The co-ordinates xi,X2 and the momenta pi,P2 are not hermitian in Hj^t . It 
follows from the relation (1871) that hermitian canonical conjugate operators in 
the Hilbert space "H^^ have the following expressions [93j. 

Xi = xi coshS + ix2 sinhS, 

X2 — —ixi sinhS + X2 coshS, Xi = Xi for i > 2 
Pi = Pi coshS + ip2 sinhS, 

P2 = —ipi sinhS + p2 cosh6, Pi — pi for i > 2. (90) 

The operator L12 — X1P2 — X2P1 = C12 is hermitian both in Hd and "H^b , 
ensuring a positive-definite r/5j_. 

A pseudo-hermitian Hamiltonian may be introduced as follows 

H = J2^1 + ViX), n, :=P,+*W_,„ W^,, = -^, (91) 

i—l * 



where V{X) is a function of the co-ordinates Xi, . . . ,Xjv and is hermitian in 



"H^ . The real function 9 appearing in 11^ via W-^i can always be rotated away 



by using the unitary operator U :— e Without loss of any generality, 6 is 
chosen as zero and the generalized momentum operators Hi now read, 

Tl,=P^+iX^, X^=^^■ (92) 

The operators 11^ contain imaginary gauge potentials Xi ■ Physical systems with 
imaginary gauge potentials have a wide range of applicability ^3]. The Hamil- 
tonian % is non- hermitian in 'Hd and hermitian in "H^i^ . 

An anti-linear VT transformation for the bosonic coordinates may be intro- 
duced as follows [53^1 : 

V -.xi-^ X2, pi ^ P2, {xi,pi) {xi,pi) V z > 2; 
T ■■ i -i, X, X,, Pj ~pf, 

VT:Xi^ X2, Pi ^ -P2, {X„ P,) ^ (X„ -Pi) \fi > 2; 

PT : Hi o -Ha, ^ -H, Vi > 2, (93) 

where the real function x is assumed to be invariant under the discrete transfor- 
mation V. The operators (11^) or P| (n|) are not PT-symmetric individually. 
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However, the combinations Pi + P| and 11^ + n| are always PT-symmetric. 
The Hamiltonian % is invariant under VT transformation provided the real 
potential V remains invariant under the transformation Xi o X2. 

5.1.2 Pseudo-hermitian Realization of Clifford Algebra 

The generators (O of 0{2N) may be used to obtain a multi-parameter depen- 
dent pseudo-hermitian realization of the Clifford algebra[84]. The metric ij^ in 
the Hilbert space H s is chosen as, 

N N 

N N 



:= V ?4 = n 6'^'"''"+'-* = Yl e"^"'''- '^' 7» e i? V I. (94) 

1=1 i=l 

The ordering of the generators JiN+i is not required in Eq. (j94p . since the com- 
mutators [JiN+i, JjN+j\ — for any i and j. A set of elements Tp of the real 
Clifford algebra is introduced as follows, 

:= (pO^'CpP^ (95) 
implying the following expressions: 

T^+i = ~iS,.iSinh"/i + ^N+iCosh"/i, (96) 



which are hermitian in H^^/ . The analog of ^27V+i in Eq- © is denoted as 
r2Af+i, 

^2N+l ■= (^*)^rir2 • ■ • ^2N-1^2N = "^2^+1, (97) 

which anti-commutes with all the Fp/^p's and squares to unity. The element 
r2Af+i facilitates a pseudo-hermitian realization of the generators of the group 
0(2N + 1). The readers are referred to Ref. [84j for a detail discussion on other 
aspects of pseudo-hermitian realization of Clifford algebra. 
The fermionic operators ^'i's and their adjoints in 'H^/ , 

■= ^ (Fi - irjv+j) = e"^'Vi, 
*1 \{T,+iTN+^)^e''^4, (98) 

satisfy the basic canonical anti-commutation relations. 

{^,,^,} = Q = {^'\M}, {^.M}^5^,. (99) 
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The total fermion number operator Nf has identical expressions, 

N N 



i=l i=l 

inHo as well as in H^f . The relation between an eigenstate |ni, . . . , rij, . . . , nN)'HD 
of Nf in 'Hd, to the corresponding state Ini, . . . , nj, . . . ,nN)n , in the Hilbert 
space H f is determined as, 

\ni,...,ni,...,nN)nr,+ = J| e^"-'''' jm, . . . , n^, . . . , njv)^^, rij = 0, 1 V z. 

fe=i 

(101) 

The 2^ states Ini, . . . , nj, . . . ,nN)'H t form a complete set of orthonormal states 
in , while |ni, . . . , nj, . . . ,nN)nD constitute a complete set of orthonormal 
states in Hd- The action of ^'i(^'J) on |ni, . . . ,ni,. . . ,nN)-H , is identical to 
that of tpiitpj) on |ni, .,nN)nD- 

*i|ni,...,ni,...njv)H^^ = 0, i/ = 0, 



= \ni,...,0,...nN)'H^^, if ni = l, 

^l\ni,...,ni,...nN)-Hr,^ = 0, if = 1, 

= |ni,...,l,...njv)-H„_,, i/ n, = 0.(102) 



The pseudo-hermitian odd elements Fj or ^j, is used to construct pseudo- 
hermitian supersymmetric quantum systems. The fermionic permutation oper- 
ator Kij, 



Kii := - 



*| - ft, - iHj] *,) (^rt _ = Kij, (103) 



is hermitian in. T-Ld as well as in "H^^ . The metric ri^_^ is invariant under the 
action of K^j . As in the case of bosonic coordinates in "H^b , an anti-linear VT 
transformation for the elements may be introduced as follows: 

T : i -z, ^ V p; 

S,N+i = - Cw+»cos/3, < /3 < 27r, (104) 

where /3 appears as a phase which may be fixed at some specific value depending 
on the physical requirements. The action of the VT transformation on the 
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fermionic variables ipi is as follows, 

r : V» ^ V'J, i^l 

Vr e'l^i^,, 4^e-'^4>l (105) 

The supersymmetric Hamiltonian in Eq. (I2ip contains bi-linear terms of the 
form '4'i'4'j which are PT-invariant for any f3. The Hamiltonian (j64p in the 'atyp- 
ical' representation of 05^(212) contains bi-linear terms of the form ipitpj jipjipj 
which are 'P7~-invariant only for /3 = 0. However, r2jv+i appearing in the same 
Hamiltonian is T'T-invariant for any This can be checked by expressing 
r2A'+i in terms of fermionic variables as, 

N 

r2Ar+i = (-i)^n(20lV'.-i)- (106) 

Similarly, the fermionic exchange operator Kij = Kij is invariant under VT for 
any (3. This provides a framework for constructing VT symmetric supersym- 
metric non-Dirac-hermitian Hamiltonian. 



5.2 Many-particle non-Dirac-hermitian Supersymmetry 

The metric 77+ in the Hilbert space 'Hn+ '■— "H^b^ H^s of the supersymmetric 
Hamiltonian is chosen as, 

?7+ :=<(^?7i, (107) 
where -q^ and -ql^ are given by Eqs. ([55]) and respectively. The supercharges 
are introduced as follows, 

N 

TV 
i=l 

leading to the the supersymmetric Hamiltonian, 
H := ^{Qi,Q2} 

N N 



1.3 = 1 



W^±,^ ^ - (14^1,, ± 14^2,,) , (109) 
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The last term in H is manifestly non-hermitian in Hd- The non-hcrmiticity 
of the generalized momentum operators in "Hd appears due to the presence of 
imaginary gauge potentials Xi ■ It is worth re-emphasizing that imaginary gauge 
potentials appear in the study of diverse branches of physics including metal- 
insulator transitions or depinning of flux lines from extended defects in type- 
II superconductors and unzipping of DNA[55]. The purely bosonic potentials 
containing in the second and the third terms are functions of the coordinates 
Xi and are in general non-hermitian in Hd- The Hamiltonian H is hermitian 
in H,,^, provided the complex functions Wi^2 are taken to be of the form (|86p 
with 01 = —02 = 9. Finally, can gauged away from the Hamiltonian through 
a unitary transformation. The hermiticity of H in T-ln-f- may be checked by 
re-expressing it as, 



H 



^ N N 

- ^ [n? {w.f - Wu] + J2 w^M'^J■ (110) 

i—l 

It may be noted that the non-Dirac- hermitian operators 11^ = Pi + ixi and non- 
Dirac-hermitian functions Wi,Wij are hermitian in Uri^- The Hamiltonian H 
is isospectral with the Dirac- hermitian Hamiltonian H in Eq. (|2T|) , 

H^{Up)H{Up-'). (Ill) 

An exactly solved non-Dirac-hermitian quantum system H may be constructed 
for the choice of W for which exactly solvable many-particle supersymmetric 
quantum systems H is known. A set of orthonormal eigenfunctions Xn of H in 
"Hri^ may be constructed from the orthonormal eigenfunctions $„ of H in Ho 
by using the relation, Xn = {Up)^^^n- 

The main focus of this article is on systems with inverse-square interactions. 
The superpotential W is chosen as, 

WiXi,X2,...,XN) = Wo = -lnG{XuX2,...,XN) (112) 
where G is a homogeneous function of degree d, 

^^^aG(X^__^ = dGiX,, X^). (113) 

The Hamiltonian Hq corresponding to Wq, along with the dilatation operator 
D and the conformal operator K, 

N N 

D^--J2iX^n,+Ua^), K^-Y,X^^K, (114) 

i=l i=l 
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satisfy the 0(2, 1) algebra which appears as a bosonic sub-algebra of the 05^(212) 
super-group. The 'typical' representation of the OSp{2\2) is realized with the 
following definition of the operators: 

N N 

^^_^e-^-^.X„ 5t = -5]e^-Vl^„ Y^Y. (115) 

i=l i=l 

The generators Hq, D, Qi, Q2, S and S'' of 05*^(212) are hermitian in Hjj_^. 
The Dirac-hermitian generators K and Y are also hermitian in Uri^ ■ Simi- 
larly, the 'atypical' representation of OSp{2\2) in Hrj^. is obtained trivially by 
replacing Xi Xi,pi —J- 11^ and £_p — > Tp in the corresponding expressions of 
the generators in "Hd. It may be recalled in this regard that £12 = £12 and 

^2N+l — r2Af+l- 

5.3 Examples: Rational Calogero Models 

The pseudo-hermitian supersymmetric rational Calogero model is presented as 
an example for which the superpotential is chosen as, 

N N 

W^-XJ2 In (X - X,) + 2 (116) 

i<j = l i=l 

and the corresponding non-Dirac-hermitian Hamiltonian reads, 

N N N 

N ^ N \ 

+ ^ E (^Iv'. - e^'-^^vlV',) + E ^1^^ - Y - 2^^^ " ^^' 

i5^i=l i=l 

Xi2 = (xi — X2) coshS + i {xi + X2) sinhS, 

Xij — xicoshS + ix2sinh6 — Xj, j > 2, 

X2j = —ixi-sinhS + X2Cosh5 ^ Xj j > 2, 

X,j ^ Xi-Xj, {ij)>2. (117) 

The following differences between the system governed by H and the standard 
rational Calogero Hamiltonian in Eq. p5l) are to be noted. The many-body 
inverse-square interaction term in H is neither invariant under translation nor 
singular for xi — Xi,i > 1 and X2 — Xi,i > 2. The permutation symmetry (j36l) 
of H is no longer a symmetry of H. However, the Hamiltonian H is invariant 
under a combined VT operation as defined in Eqs. (jlOSp and (|93|) . The Hamil- 
tonian H and the Dirac-hermitian rational Ajv+i Calogero model are related to 



35 



each other through a non-unitary similarity transformation. This imphes that 
these models are isospectral provided identical boundary conditions have been 
used. However, there are no compelling reasons to solve these systems under 
identical boundary conditions. The Hamiltonian H has {N — 3)(Af — 2) number 
of less singular points compared to the standard Calogero model[TT] due to the 
non-singular points at xi — Xi,i > 1 and X2 — Xi,i > 2. Thus, the configura- 
tion spaces of these two Hamiltonians are different allowing different boundary 
conditions. It is to be seen whether a consistent description of H, including an 
entirely real spectrum, is allowed for any modified boundary condition or not. 

6 Quantum Systems in Higher Dimensions 

There are many higher dimensional generalizations of the rational Calogero 
model for which infinitely many exact eigen states and eigen values can be ob- 
tained analvticallv |1001 llOU 1102] . The exact eigenstates owe their existence to 
mainly the underlying 0(2, 1) symmetry. However, not a single model belong- 
ing to this class is exactly solved for a complete set of states. Nevertheless, 
the study of theses systems gives a better understanding of quantum systems 
in higher dimensions. The Calogero-Marchioro model [TOO] is one such example 
which describes a _D > 1 dimensional quantum system of particles interacting 
with each other through two-body and three-body inverse-square interaction 
terms. The importance oi D ~ 2 dimensional Calogero-Marchioro model lies 
in its relevance in the study of a host of different subjects, like normal ma- 
trix model [TU51 11041 11051 H^ . two dimensional Bose svstem fTUl] . quantum Hall 
effect |106] . quantum dot |107j . extended superconformal svmmetrv[64]. It is 
known that the two dimensional Calogero-Marchioro model at some specific 
value of the coupling constant describes the dynamics of a Gaussian ensemble 
of normal matrices in the large N limit |103[ [5T] 1105] . The low energy limit of 
2 + 1 dimensional Yang- Mills theory, dimensionally reduced to + 1 dimensions, 
is described by the Gaussian action of normal matrices[64_. Thus, the Calogero- 
Marchioro model is also indirectly related to 2+1 dimensional Yang- Mills theory. 
The supersymmetric version of the D dimensional Calogero-Marchioro model is 
presented in this section. 

It has been suggested [54] that the rational Calogero model with extended 
A/" = 4 5[/(l,l|2) superconformal symmetry may describe the motion of a 
test super-particle in the near-horizon geometry of 3 + 1 dimensional extremal 
black holes. The first initiative to construct such a model was not completely 
successful [65j. In particular, the resulting Hamiltonian is SU{1, 1|2) supercon- 
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formal only for spercific values of the strength of the inverse-square interaction. 
Several attempts have been made thereafter to construct models with N = A 
superconformal symmetry [53 in71[7Il[Il[73[71[7Sl[7i[77]. The development 
in this regard has been described in the review article [78] , which also contains a 
few examples of generalized Calogero-type models in diverse dimensions. An ex- 
ample of A/" = 4 superconformal model has been constructed in Ref. [77] , whose 
bosonic sector is not described by the standard rational Calogero model. In fact, 
the construction of a A/" = 4 superconformal Hamiltonian for arbitrary number 
of particles and the generic values of the coupling constant, which reduces to the 
standard Calogero or Calogero-Marchioro model in the purely bosonic sector, 
is still beyond the reach in D 7^ 2 dimensions. It is shown that the D = 2 
dimensional Calogero-Marchioro model can naturally be embedded into an ex- 
tended JV ~ 4 SU{1, 1|2) superconformal Hamiltonian [64J • The construction of 
rational Calogero-Marchioro model with SU{1,1\2) superconformal symmetry 
is discussed in some detail. 

6.1 Supersymmetric Calogero-Marchioro Model 

The supercharge Qi and its conjugate Q[ are defined as, 

i,fj. i.}.L 

d dW 
Pt,tj.^-iT: , Wi,^ = , I = 1, . . . ,Ar, ^, = 1,. . . ,D, (118) 

where W is the superpotential and the ND fermionic variables ipi,fi's satisfy the 
Clifford algebra, 

{^^,^, i^j.A = = {V-L^j,.}, {V'^.M, - 5.j5^.,u. (119) 
The superpotential is chosen as, 

W = Wo^-gY,ln\ I , r,, =r,- f, , (120) 

which results in the following supersymmetric Hamiltonian, 

+ 2^ ^ {x^^^, - Xj^^) {x^^y - Xj^y) rr/ (V'l.^V'^i^ - '4'lf,'^j,<^) (121) 
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The Hamiltonian Hq along with the Dilatation operator D and the conformal 
generator K, 

D = -\j2^x^'t^^P^^t^^^ (122) 

satisfy the 0(2, 1) algebra given in Eq. (|154p . 

The super-Hamiltonian Hq does not have a normalizable ground-state. The 
quantum evolution of the system can instead be studied in terms of the operator 
R or H: 

H = R + B-T, R = Ho + K, ^ = ^ ^ [4,^, V'^,^] , T=|iV(iV~l). (123) 

The zero-fermion sector of the supersymmetric Hamiltonian H describes D 
dimensional Calogero-Marchioro Hamiltonian. The supersymmetric rational 
An+i Calogero model is obtained from (jl23p for D ^ 1. The supersymmet- 
ric ground state of H is obtained in the region g > 0, 

^0 - 0o|O), 00 = n I ^'^J I'e-^^.''-, (124) 

i<J 

where |0) is now the fermionic vacuum in 2^^ dimensional Fock space. A set 
of exact eigenstates is constructed below in the supersymmetric phase. The 
analysis in the supersymmetry-breaking phase((7 < 0) is similar to the case of 
one dimensional supersymmetric rational Calogero model and is given in Ref. 

m- 

The complete 05*^(212) algebra is realized by the introduction of the follow- 
ing operators, 



^1 := Xl'/'L^^.M' 



^1 = Qi-iSi, J'2 = Q\-iSl 
J^l = Q\ + iSl fI = Qi + iSi, 

(125) 

The supersymmetric Hamiltonian H in Eq. (|123p is re-expressed in terms of 
the operators J-'ijJ^l as, H = J-"/}. The following algebra, 

[H,Bl]^2Bl [H,4]=2TI (126) 
allows a construction of the excited states, 

^SlVr^o, (127) 



38 



with the energy eigen values En^u = 2(n + i^). The bosonic quantum number n 
can take any non-negative integer values, while the fermionic quantum number 
v = 0, 1. The spectrum does not reduce to that of D dimensional N free 
superoscillators in the limit <? — > 0. The set of exact eigenstates (|14ip is thus 
incomplete and the complete spectrum is not known. 

6.2 Extended Superconformal Symmetry 

The coefficients of the bosonic two-body and the thee-body interaction terms 
are identical for D = 2. Consequently, the supersymmetric Hamiltonian H can 
be embedded into an extended A/" = 4 superconformal symmetry in 13 = 2 space 
dimensions. The general form of the superpotential in 13 = 2 that gives rise to 
Hamiltonian with extended superconformal symmetry may be expressed as[64|. 

Wo = -InG, G = f{zi,Z2, ■■■,zn) g{zl,Z2, ■ ■ ■,z%), 
Zk = Xk,i+ixk,2, zl = Xk,i - ixk,2, (128) 

where G is a homogeneous function. The homogeneity condition on G implies 
that the (anti-)holomorphic function {g)f should also be homogeneous. The 
superpotentials of the Calogero-Marchioro model and a nearest-neighbor variant 
of this model pus] in Z3 = 2 satisfy the above criteria. The rest of the discussions 
is based on two dimensional superconformal Calogero-Marchioro model[5i]. 

The Hamiltonian Hq has an internal SU{2) symmetry. The generators of 
the SU{2) are the even operator B in Eq. ()123p and the operators, 

i i 

satisfying the algebra 

[Y, rt] = [B, Y] = ~2Y, [B, F^] = 2YI (130) 

The repeated indices of the Levi-Civita pseudo-tensor e^^, are always summed 
over. The SU{1, 1, |2) requires the introduction of the following odd operators: 

i i 
i i 

Defining two new odd operators in terms of 225*^2 c^nd their adjoints, 

^i:^Q2-iS2, J^2--^Ql-iSl (132) 
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the following algebra holds, 



i{J-i,J-t} = 7?-2T, i{J-2,J-t}^_i{j-t,j-J = _,j: H:=H-B + 2T 

(133) 



The operator angular momentum operator J appearing above is defined as, 



The evolution can be described either in terms of the Hamiltonian H or its dual 
H. The dual Hamiltonian H is used to study the spectrum in supersymmetry- 
breaking phase g < 0[M]. The algebra in Eq. (I133P is not in a diagonal form 
because of the presence of J. However, a diagonal form of the algebra can be 
obtained [64] by introducing two new supercharges as a linear combination of J^i 
and J-2. 

7 Systems with Internal Degrees of Freedom 

The Calogero models with internal degrees of freedom have been studied pre- 
viously in the literature [14]. Such models naturally appear in the reductions 
of various matrix models to many-particle quantum systems. A supersymmet- 
ric Calogero-type model with internal U{2) degrees of freedom has been ob- 
tained via the reductions of certain gauged matrix mo dels [70]. The relevant 
discussions in this regard have been included in the review article [78]. Calogero 
models with k numbers of internal degrees of freedom may also be introduced 
directly in terms of permutation operators constructed out of the generators 
of SU{k)^7\ [M]. A generalization of the Calogero-Sutherland models, where 
the indices corresponding to the particles internal degrees of freedom form a 
representation of the gl{n\m) graded lie algebra, has also been considered in the 
literature [26l[28j [301 [32]. These models are integrable and have many interesting 




(134) 



All other non- vanishing anti-commutators are. 



-^{:f„:fI} = -{t„4} = 2y\ 
-1{A,J'1} = 1{J'2,:fI} = 2y, 



(135) 
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properties. These models are also termed ' supersvmmetric ' |26| . because of the 
presence of the 'graded permutation operator' in the Hamiltonian. However, 
the fuU superalgebra ([T]) is realized for the corresponding quantum Hamiltoni- 
ans only for the simplest case of gl{l\l). Thus, discussions of this class of models 
with n 7^ 1, m 7^ 1 are beyond the scope of this paper. 

The supersymmetric Hamiltonian H in Eq. ([?!]) has a block-diagonal struc- 
ture in the fermionic representation, thereby, giving internal structures to the 
bosonic particles, which may not be always interpreted in terms of spin degrees 
of freedom. It may be recalled that the fermionic exchange operator appearing 
in the supersymmetric rational Calogero Hamiltonian realizes a tensor repre- 
sentation of symmetric group Sn of fermionic operators [51]. A class of super- 
symmetric many-particle Hamiltonians is constructed in this section which can 
be interpreted as N bosonic particles with internal spin degrees of freedom. 

Several spin chain Hamiltonians, including the celebrated Haldane-Shastry 
model[25l [26], may be obtained from Calogero models with internal degrees 
of freedom in the strong interaction limit, known as 'freezing limit '[H]. The 
supersymmetric Hamiltonians considered in this section reduce to XY model 
on a non-uniform lattice in the 'freezing limit'. The 'freezing limit' for a su- 
persymmetric system may be taken in the following way. The supersymmetric 
Hamiltonian ()21[) can be re-written as, 

H = \T.(p' + ^') + 111 ('/'l'/'^- - ■ (136) 

The bosonic and the fermionic parts of the supersymmetric Hamiltonian decou- 
ple from each other for a superpotential satisfying Wij — constant V This 
implies that the superpotential is a quadratic form of the bosonic co-ordinates. 
The Hamiltonian of superoscillators is one such example. In general, the bosonic 
and the fermionic degrees of freedom can not be decoupled for any other choices 
of W . However, The fermionic part can be decoupled from the parent Hamilto- 
nian in the 'freezing limit' [T^. In particular, the superpotential W is taken to 
be proportional to an overall coupling constant A. The coefhcient of the bosonic 
potential term Wf becomes , while it is A for the fermionic part of the Hamil- 
tonian. An effective Hamiltonian in the strong interaction limit A — !■ cxd may be 
obtained by first multiplying H with A~^ and then taking A — > oo. The leading 
relevant term in this limit is, 

^ ^ ^ E (^1^^ - ^^^1) + O (^"') ' (137) 

where the bosonic coordinates in Wij take the value of their classical minimum 
equilibrium configurations, Wi = 0. The non-dynamical term Wf vanishes 
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identically for the classical minimum equilibrium configurations. The Hamilto- 
nian H in Eq. (jl37p contains only bilinear terms in the fermionic operators and 
is always diagonalizable. 



7.1 Supersymmetry & XY model 

The superpotential W is chosen such that, 

Wij = Sijgt{xi,X2, ■ ■ ■ ,Xn) + Sij+ihi^i{xi,X2, ■ ■ ■ ,Xn) 

+ Sij-ihi{xi,X2,-.-,XN), (138) 

where /i^'s and gi^s are arbitrary functions of the bosonic coordinates. The 
supersymmetric Hamiltonian (j2ip now reads, 

H^lT.iP^+^^) + lT. h(2n. - 1) + 2h. (V'lV.+i - V'^V'J+i)] • (139) 

i i 

The Hamiltonian H can be re-written in terms of spin degrees freedom by using 
the Jordan- Wigner transformation(See Appendix V) with the periodic boundary 
conditions: 

i i 

The use of the Jordan- Wigner transformation and hence, the interpretation of 
H as a system of spin-^ particles interacting with each other through inverse- 
square interactions fails, if the fermion-fermion interaction is beyond the next- 
neighbour. The situation is saved for the particular choice of the superpotential 
in Eq. (jl38p . The supersymmetric Hamiltonian H, in general, describes an 
A'^ particle system with both kinematic and internal spin degrees of freedom. 
Note that both ^^'s and hi's depend on the bosonic coordinates. In the FL, 
as described above, it is possible to decouple the spin degrees of freedom from 
the coordinate degrees of freedom. For such cases, solving the supersymmetric 
Hamiltonian H, one would in fact also be able to solve the corresponding spin 
chain problem. 

7.2 Systems related to short-range Dyson models 

A quantum Hamiltonian with nearest-neighbour and next-nearest-neighbour 
inverse-square interactions among the particles was introduced and studied in 
[109j . The model has relevance in the context of random banded matrix theory 
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describing short-range Dyson model fTTT] . In particular, the norm of the ground- 
state of this many-body system can be identified with the joint-probability dis- 
tribution function of the Gaussian random banded matrix theory. Consequently, 
different correlation functions of this Hamiltonian can be calculated exactly from 
the known results of random banded matrix theory. The model has also rele- 
vance in the study of nearest-neighbour spin chain models 11131 11141 IllSj . 
A supersymmetric version of this nearest-neighbour analog of rational An+i 
Calogero Hamiltonian is constructed in this section. The readers are referred 
to Ref. |112] for discussions on a nearest-neighbour analog of rational BCn+i 
Calogero Hamiltonian. 

The superpotential is chosen as, 

N N 

W = -\'^ln[x.i- Xi+i) + —'^x'l, XN+i=Xi. (141) 

i=l 1=1 

leading to the following expressions for gi and /i^, 

hi ^ ~\{xi - Xi+iY"^ , gi ^ uj - {hi + hi^i). (142) 
The Hamiltonian H for the superpotential now reads, 

H = --'^^ + — ^[2{xi-xi+iy'^-{xi^i-xiy^{xi-x.i+iy^] 

i—l * i—1 

N 

+ A ^ ^{Xi - Xi+iy^ (^n, + Ui+i - 1 - ipjipi+i + ipitpj+i^ 

i=l 

T ^ ^ AT 

+ ic.2^x,2-fc.^n.-i^-A..iV, (143) 

1=1 1=1 

with the periodic boundary conditions on the fermionic variables: ipN+i = 
^i. Both nearest-neighbour and next-nearest-neighbour interaction terms are 
present in the bosonic many-body potential. However, only nearest-neighbour 
interaction terms are present for the fermions. This allows a mapping of the 
bilinear terms involving fermionic operators in terms of spin-spin interaction 
terms. The third term with the coefficient A contains the XY Hamiltonian in 
terms of fermionic operators. Thus, particles in this model are also having 
internal spin degrees of freedom. 

The Hamiltonian H reduces to the supersymmetric rational Calogero model 
for = 3 due to the periodic boundary conditions imposed on the bosonic and 
the fermionic coordinates. The system is not exactly solved for a complete set of 
states for > 3. However, infinitely many exact eigenstates can be constructed 
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analytically. An algebraic construction of these states in the supersymmetric 
phase is described here. The ground state of H in the supersymmetric phase ( 
A > ) is given by, 

$o = 0o|O), 00 -[](x,-a;,+i)^e-^I^."-. (144) 

i 

The Hamiltonian H can be mapped to a system of free superoscillators satisfying 
the Eq. ([70l) with the operator S having the following expression: 



''I ^ ' 

i 

The construction of a partial set of eigen states from the free superoscillator basis 
is given in Ref. |112] . Based on this analysis, the following set of operators are 
introduced, 



d_ 

dxi 

N N 

B-=Y.T-\"T, i3+ = ^T-i&+"T, n = 1,2,3, 

1=1 1=1 

?' i 

qn =T-^Y.^\bfT, q+ =T-^Y.'^,bfT, n = 1,2,3, (146) 

i i 

which satisfy an algebra that reduces to (|76p for a; — 1. Unlike the case of 
rational Calogero model, there are only three bosonic annihilation(creation) 
operators B~{B^) and four fermionic annihilation(creation) operators F^{F^). 
The operators B^{F^) lead to singular wave- function for n > 4(m > 5) and 
are not acceptable. The eigenstates can now be created in an algebraic manner 
by using the above relations. In particular, 

3 

xni...n3.,....4 = n ^r'^r'^4+" $0, (147) 

k=l 

is the eigenfunction with the eigen- value, 

E = io ^E f'i^k + Vk) + 4(^4^ . (148) 
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The bosonic quantum numbers rt^'s are non-negative integers, while the fermionic 
quantum numbers life's are either or 1. It appears that the eigen spectrum is 
not complete. 

The Hamiltonian contains two independent parameters A and uj. The 'freez- 
ing limit' is obtained by first scaling uj as Xuj in H and then taking the limit 
A — > oo of the operator X^H. The spin degrees of freedom decouple completely 
from the kinematic ones in this strong interaction limit with all the particles 
frozen at their classical equilibrium configurations, 

Wi = Xlox, -f A [{xi-i - x^)-^ - {x^ - = 0. (149) 

The XY Hamiltonian on a non-uniform lattice appears as a leading term in this 
limit. 



UJ 

—n.j 
2 ' 



(150) 

where determined from (jl49l) . The general solution of (|149p is not 

known. It is argued in Ref. [ITI] that the equilibrium configurations of the 
particles necessarily constitute a non-uniform lattice. 

8 Omitted topics, Open Arena and Summary 
8.1 Omitted Topics 

(i) SU{1,1\2) Supersymmetric Models in One Dimension: 

The motion of a test super-particle in the near-horizon limit of 3 + 1 dimen- 
sional extremal Reissnar-Nordstrom black hole is suggested to be described by 
the rational Calogero model with A/" = 4 SU{1, 1|2) superconformal symmetry [54] 
A 2 -I- 1 dimensional many-particle system with extended SU(1, 1|2) supercon- 
formal symmetry is giyen in Ref. |64| and described in Section 6 of this ar- 
ticle. Howeyer, such a construction in space dimensions D ^ 2 meets with 
difficulty [HSl |Bain71[ni[Zl[71[71[73[75]. The rational An+i Calogero model 
with SU{1, 1|2) supercnoformal symmetry is presented in Ref. [6 5) for specific 
yalues of the strength of the inyerse-square interaction. The construction is 
based on N bosonic and AN fermionic degrees of freedom and within this ap- 
proach, the SU{1, 1|2) conformal symmetry is absent for the generic values of the 
strength of the inverse-square interaction[65: . Several other attempts have been 
made to construct TV 4 superconformal models [Ml |67l [HI llSl [HI [HI [77] . An 
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important result in this context is described in Ref. fTT and an account of the 
whole development in this regard is given in the review article [781 . However, an 
explicit construction of the Hamiltonian for arbitrary number of particles and 
for the generic values of the coupling constant (s), which contains the standard 
Calogero model in its purely bosonic sector, is still beyond the reach. 

(ii) Matrix Models, Collective Field theory etc. : 

An appropriate reduction of hermitian matrix model leads to rational A^+i 
Calogero mo del P^. Similarly, a supersymmetric version of the Marinari-Parisi 
model can be reduced to the supersymmetric rational ^Af+i Calogero mo del [56]. 
Matrix model description of Calogero model appears in many other context, for 
example, in Refs. [STl [SHI [SH [SO] ■ The matrix models related to Calogero Hamil- 
tonian have also been studied in the large N limit through continuum collective 
theory techniques [611 [62l 163) . Developments in this regard are described in the 
review article |63j . 

(iii) Superpolynomial: 

The zero fermion sector of the operator Hi in Eq. dSS]) gives a realization of 
the generalized Hermite polynomials. The orthogonal eigenfunctions of the op- 
erator Hi for any Nf is known as generalized hermitian superpolynomial [SlJ. An 
algebraic construction of superpolynomials related to supersymmetric Calogero- 
Sutherland systems are described in Refs. [79l [80l [HH [Ml [83] . The integrable 
structure of these supersymmetric systems are also explored. 

8.2 Open Arena 

(i) Self-adjoint Extensions: 

The self-adjoint extension of rational Calogero model has been studied in 
Refs. [38l[39]. The scale invariance of the rational Calogero model with purely 
inverse-square interaction gets broken at the quantum level due to the imposi- 
tion of modified boundary conditions and the Hamiltonian admits bound states. 
Similarly, this new quantization scheme for the rational Calogero model with the 
harmonic confinement term leads to non-equispaced energy levels with a nega- 
tive energy bound state[5S]. The supersymmetric Hamiltonian ([55]) reduces to 
the Calogero model in the zero fermion sector. The results stated above are 
thus equally valid in the zero fermion sector. A systematic study on self-adjoint 
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extensions of the supersymmetric rational Calogero model for arbitrary Nf is 
desirable. 

(ii) 'Atypical' Calogero Model: 

The construction of the rational Calogero Hamiltonian with OSp{2\2) super- 
symmetry is not unique. The standard Hamiltonian psp or (|164l) corresponds 
to the 'typical' representation. A new Hamiltonian corresponding to the 'atyp- 
ical' representation has been introduced in Eq. (1641) . The complete spectrum 
and the integrable structure of this Hamiltonian is not known. A set of eigen 
values and the eigenfunctions of this Hamiltonian corresponding to the under- 
lying OSP(2\2) symmetry may be obtained analytically. The quadratic and 
the cubic Casimir operators being zero in the 'atypical' representation, these 
operators can not be used to characterize the spectra. Further, as in the case 
of 'typical' Calogero model, the spectrum generating algebra is expected to be 
larger than OSp{2\2). This expectation stems from the fact that superoscillator 
Hamiltonian in the 'atypical' representation of OSp{2\2) contains a spin-orbit 
interaction term and its spectrum is different from the superoscillator model 
corresponding to 'typical' representation. It may be noted that a non-trivial 
mixing of angular momentum operators L^- and Jij also appears in the 'atypi- 
cal' Calogero Hamiltonian psp . A study on the exact solvability of the 'atypical' 
model may reveal some of its hidden surprises. 

(iii) Generalized Calogero-type Models: 

There are many supersymmetric systems with inverse-square interactions for 
which only a part of the complete spectrum can be obtained analytically. Two 
such physically relevant systems are presented in this review article in sections 
6 and 7. Any supersymmetric Hamiltonian corresponding to the 'typical' repre- 
sentation of 05^(212) can be mapped to a system of free superoscillators through 
a similarity transformation. However, in general, the spectrum of the original 
many-body Hamiltonian is not identical with that of superoscillators. It appears 
that the similarity operator takes the many-body Hamiltonian out of its Hilbert 
space. The choice of the free superoscillator basis respecting the discrete sym- 
metries of the rational ^Ar+i(i37v+i) Calogero model gives the complete eigen 
spectrum of the model. Further investigations on hidden symmetries, if any, of 
the generalized Calogero-type models are desirable. In general, the nature of 
the similarity operator and its action on free superoscillator basis needs further 
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investigation for a better understanding of generalized Calogero-type models, 
(iv) Pseudo-hermitian supersymmetric Calogero Models: 

The deformation of the rational A^^i Calogero model without the confining 
term lead to a pseudo-hermitian supersymmetric system with broken transla- 
tional invariance. The configuration space of the original Hamiltonian is dif- 
ferent from the deformed Hamiltonian and the eigen spectra of these models 
become identical, only when solved for identical boundary conditions. The de- 
formed model with allowed modified boundary condition(s) is expected to have 
different spectra and need further investigations. 

A Coxter-invariant superpotential was constructed in Ref. [5^ leading to a 
unified description of supersymmetric Calogero-Moser-Sutherland models based 
on all the root systems with the rational, trigonometric and hyperbolic poten- 
tials. Such a universal description of pseudo-hermitian supersymmetric Calogero 
models presented in this review article is desirable. Further, pseudo-hermitian 
non-supersymmetric Calogero models have been constructed by considering 
complex root spaces that are invariant under anti-linear involutions related to 
all Coxter groups [SS]. The deformations considered in Ref. [22] involve discrete 
transformations in the root space, while only continuous deformation was con- 
sidered in section 5. A construction of supersymmetric version of the models 
considered in Ref. [99] is desirable. 

8.3 Summary 

The main results presented in this article are based on previously published 
works [461 ISl HH EH [84l I112j and may be summarized as follows. 

• The condition of shape invariance can be used in conjunction with Dunkl 
operator to obtain the complete eigen spectrum of the rational Calogero 
model, i.e. the Hamiltonian appearing in the Nf — sector of the super- 
symmetric Hamiltonian. 

• The rational Calogero model in the supersymmetry-preserving phase can 
be mapped to a set of free superoscillators through a similarity trans- 
formation. The complete eigen spectrum of the Calogero model can be 
constructed from those eigenstates of the free superoscillator Hamiltonian 
which are invariant under the discrete symmetries of the many-body par- 
ent Hamiltonian. 
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• The supersymmetry-breaking phase of the rational Calogero model can 
also be studied by mapping a dual Hamiltonian to free superoscillator 
Hamiltonian. All the eigenstates in the supersymmetry-breaking phase 
can be constructed from permutation-symmetric superoscillator basis via 
the dual Hamiltonian. 

• A 'necessary condition' for the equivalence of a many-body supersym- 
metric Hamiltonian with 05^(212) symmetry to a system of free super- 
oscillators is that the Hamiltonian should commute with the total fermion 
number operator Nf. The proof of 'sufficient condition' is model depen- 
dent and nontrivial. The equivalence can be proved for rational Calogero 
models. 

• The super-extension of rational Calogero model with 05^(212) supersym- 
metry is not unique. A new Hamiltonian corresponding to the 'atypical' 
representation of 05^(212) has been constructed. The quadratic and the 
cubic Casimir operators vanish identically and can not be used to char- 
acterize the spectrum. It is not known whether the 'atypical' Calogero 
model is integrable or not. 

• A construction of pseudo-hermitian supersymmetric Calogero model has 
been given, which is isospectral with the standard Calogero model. This 
construction is valid for rational, trigonometric or hyperbolic versions of 
Calogero models and also for any root system. 

• A 2 -|- 1 dimensional many-body system with extended Af = A SU{1, 1|2) 
superconformal symmetry has been presented for the generic values of the 
coupling constant as well as for arbitrary number of particles. 

• A supersymmetric Hamiltonian describing N spinlcss particles with nearest- 
neighbour and next-nearest-neighbour inverse-square interaction has been 
shown to be equivalent to a system of interacting bosonic particles with in- 
ternal spin degrees of freedom. Models of XX spin chains may be obtained 
from this supersymmetric Hamiltonian in appropriate limits. 

The findings of this study are relevant in enriching a general understanding 

of the integrable structure of many-particle supersymmetric qiiantum systems. 
Further studies may reveal new avenues on the applicability of the mathematical 
techniques related to shape-invariance and supersymmetry to generic quantum 
systems with more than one bosonic and one fermionic degrees of freedom. 
Further, the conformal symmetry is a recurrent theme in many areas like black- 
holes, matrix models, string theory, strongly correlated system etc. and offers 
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universal description of many apparently diverse physical systems. The super- 
conformal systems studied in this review thus have potential applications in 
diverse subjects, including a possible futuristic realization of many-body quan- 
tum systems with both spatial and internal degrees of freedom in the laboratory. 
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10 Appendices 

A few mathematical results which are relevant in the discussions of the main 
text are discussed in sections 9.1, 9.2, 9.3 and 9.5. The rational BCn+i Calogero 
model has not been included in the main text. The relevant discussions in this 
regard are included in Appendix-IV in section 9.4. 

10.1 Appendix-I: Matrix representation of the real Clif- 
ford algebra 

A 2^ X 2^ matrix representation of the elements of the Clifford algebra ^ may 
be given in terms of the Pauli matrices cr°,a = 1,2,3 and the 2x2 identity 
matrix / as follows, 

^1 = CT^ «) / ® / ® . . . (g) /, ^AT+i =(T2(g)/(g)/(g)...(g)/, 

6 = O-^ Cr^ (g) / (g) . . . (g) /, = CT^ (g (7^ (g / (g . . . (g /, 



0-^ g) . . . (g O-^ g) cr^ g) / (g . . . g) /, ^AT+i = CT^ g) . . . g) CT^ (g cr^ (g / ( 



^7V-1 = cr^ g . . . g cr^ g cr^ g /, ^Af-l = cr^ g • ■ . g g cr^ g /, 

Cjv = O-^ Ig cr^ g) ■ • • <g O-^ g) cr\ = CT^ (g cr^ g) • ■ • <g cr^ g) cr^ (151) 

The matrices are hermitian. The matrices are symmetric, while ^jv+i are 
anti-symmetric for any i. The fermionic operators ipi and "01 have the matrix 
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representation, 

ipi = (g) . . . (g) (E) (E) I (E) ■ ■ . (E) I 

ipj = E)E) . . .(7^ E)a+E) I E) . . .E) I, (152) 

where a± — ^ (cr^ ± icr^) are in the i*^ position, preceded by the tensor-product 
of « — 1 numbers of a'^ and foUowed by the tensor-product of — i numbers of 
the matrix I. 

10.2 Appendix-II:05'p(2|2) superalgebra 

The structure-equations of the OSp{2\2) superalgebra are described in terms of 
a set of fermionic generators / = {Qi, (52, Si,S2} and a set of bosonic generators 
6 = {H, D, K, Y} as follows [Hi [HS]: 

{Qa,Qp} ^ ^SapH, {Sa, Sp} ^ 2Sai3K, {Q a, S fj} ^ -25apD + 2eai3Y, 

[H, Q„] = 0, [H, So.] = -iQa., [K, Q«] = iSo,, [K, 5,] = 0, 

tit % 

[D,Qo\ = ---jQa, [D,Sa] = -Sq, [F, Qq] = -^^a/sQp, [Y, Sa] = -j^^ajiSiS, 

[Y,H]^[Y,D] = [Y,K]=Q, a,/3 = l,2. (153) 
The bosonic operators iJ, D and K generate the 0(2, 1) sub-algebra 0105*^(212), 
[iJ, D] = iH, [iJ, K] 2iD, [D, K] ^ iK, (154) 
with its Casimir operator having the form, 

C^^{HK + KH)-D^. (155) 
The quadratic and the cubic Casimir operators of OS'p(2|2) are given by [551 155] . 
C2 = C + ^[Q,,Si]+'-[Q2,S2]^Y^ 
Oa - - I + ^ {[Qi,Si]Y + [Q2,S2]Y + [Si,Q2]D 

-[S2,Qi]D + [Qi,Q2]K + [Si,S2]H^ . (156) 

Both 'typical' and 'atypical' representations of the supergroup 05p(2|2) are 
allowed. The quadratic and the cubic Casimir operators vanish identically for 
the 'atypical' representation of the group. 

The subgroup OS'p(l|l) of 05^(212) is described either by the set of gener- 
ators Ai = {H, D, K, Qi, Si} or A2 = {H, D, K, Q2, 82}- The Casimir of the 
OS'p(l|l) corresponding to the set Ai is given by, 

Ci = + ^[Qi,5i] + -^. (157) 
4 16 
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An even operator Cs, known as Scasimir, may be defined as follows, 

=z[Qi,5i]-i, (158) 

which has the property that it commutes with all the bosonic generators and 
anti-commutes with all the fermionic generators of the set Ai . The Scasimir Cg 
is related to the Casimir operators C and Ci through the relations, 

Ci^\cl C^\Cs{Cs-1)-Yq- (159) 
The Casimir and the Scasimir for the set A2 are given by, 

Ci = C + ^[Q2,52] + ^, Cs^i[Q2,S2]-\, (160) 
which satisfy the identities 

Ci^\cl C = ia(a-1)-^. (161) 

This implies that, in general, the Casimir C can be factorized in two different 
ways, either in terms of Cg or Cg. 



10.3 Appendix-III: SU{l,l\2) superalgebra 



The structure equations of SU{1, 1|2) superalgebra are described in terms of a 
set of fermionic generators {Qp,Sp, Q],, S'^), a set of bosonic generators ( Ja, H, D, K) 
and a central element T as follows: 

[Qj„Q}"]^25;h, [Sp,S^"^^25lK, {Qp, Q.} - 0, {5p,5.} = 0, 
{Sp, Qt'-j = _2z {aX Ja - 25;D + iS^T, [J„ 5p] = - ^ {OaYp Sr, 



[K, Qp] = iSp, 



[H,Sp] ^-iQp, 



H,S 



[Ja^M^i^abcJc, p,r = 1,2, a, 6, c= 1,2, 3. 



is;, 

(162) 



The bosonic operators H, D and K generate the 0{2, 1) algebra given in Eq. 
(|154p . A summation over the repeated indices is implied in the above expres- 
sions. 
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10.4 Appendix-IV: Rational BCn+i Calogero Model 

The superpotential for the rational BCjv+i-type Calogero model has the follow- 
ing expression, 

N N 

W^(A,Ai,A2) = -\ ^ In {x} - x]) -^[Xiln Xi + \2ln{2xi)\ 

i<j=l i=l 

+ lE^?, (163) 

where A, Ai and A2 arc arbitrary parameters. The DN+i-type model is described 
by Ai = A2 = 0, while Ai = 0(A2 = 0) describes CAr_|_i(i?Ar+i)-type Hamiltonian. 
The discussion in this article is restricted to the i^Ar+i-type Calogero model for 
which the Hamiltonian is given by, 

+ ^Ai(Ai - 1) E + E + Ai E V-l V-^ar-' 

i i i 

^E h^-^ (^i^* - ^i^^) + + ^^■)"' (^i^* + ^1^^-) 

^iV[l + 2A(7V-l) + Ai]. (164) 



+ 



2' 

It may be noted that the many-body inverse-square interaction is not transna- 
tional invariant. Apart from the transnational invariant mutual inverse-square 
interaction between any pair of particles, each particle also interacts with the 
images of all other particles and also with itself. This kind of Hamiltonians are 
suitable for describing systems with boundaries. The many-body wave-functions 
are taken to be vanishing at the singular points Xi = 0,a;, = ±Xj\/i,j and the 
eigen- value problem is solved in the 0<a;i < X2 < . .. < Xn sector of the config- 
uration space. The Hamiltonian is invariant under the permutation symmetry 
V and the reflection symmetry TZ: 

V : Xi^Xj, tpi^ijj, V4 ^ 

TZ: Xi^ -Xi, Vi i>l -i'i- (165) 

These two symmetries allow a smooth continuation of the wave-functions from 
a given sector of the configuration space to all other sectors. The rcfl(;c,tion 
symmetry also has an interesting consequence on the spectrum. The ground- 
state of the Hamiltonian in the supersymmetric phase is given by, 

$o = </'o|0), <^o = nH-^D^n^^e-^Si"S A,Ai>0, (166) 

i<i k 



53 



which is normalizable for A, Ai > — ^. However, the positivity of A and Ai is 
imposed so that each momentum operator pj is self-adjoint for the wave-function 
of the form $o- 

10.4.1 Shape Invariance &: Exact Solvability 

The Nf = sector of the the supersymmetric Hamiltonian is described by the 
bosonic Hamiltonians H^^^: 

^W(A,Ai,a;) = T^^^+i - 

i ijij 

N 



iA,(Ai-l)E-r^ + |E-' 



i=l i 

^B^+i ^ |^[i + 2A(7V-l) + Ai]. (167) 

The bosonic Hamiltonian "H^^) corresponding to the Nf = N sector of the 
supersymmetric Hamiltonian is related to 'H^^^ through the shape-invariance 
condition, 

^W(A, Xuoj) = n^°\X + l,Xi + l,uj) + ^ (27V + 1) . (168) 

However, the complete spectra of T-L^^^ and "H^^^ can not be obtained by using 
this shape-invariance condition. This is because of the absence of intertwining 
relations between these two Hamiltonians which appear in the description of 
supersymmetric system with one bosonic and one fermion degrees of freedom. 
The present situation is circumvented by the use of a modified shape-invariance 
condition and exchange operator formalism as applied to the system with Bjv+i- 
type Hamiltonian. 

The Dunkl operator is introduced in terms of the exchange operator Mij 
and the reflection operator tj: 



Vi = -idi+iX ^ ^{xi - Xj) ^Mij + {xi + Xj) -fiAix/, Mij:=UtjM, 

(169) 

The reflection operator ti satisfles the following relations, 

tiXj = XjU for i j, tiXi + XiU = V i, = 1 V i, 

Mijti = tjMij , = Mij , tiVi = -V,U , UVj = Vjti forj + i, 

MijVi = -ViMij, ti<p{xi,. . . ,Xi,. . . ,xn) = (j){xi,. . . ,-Xi,. . . ,xn){^70) 
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The Dunkl operators X'i commute among themselves and the fohowing identity 
holds: 

bi ■.= 'Di- iuJXi, b] -.^Vi + iuJXi, 

[b„ b]] = 1 + ^ II (^^«fe + M^k) + 2XiU 

-2il-S,j)XujiAUj-M,j) . (171) 

All other commutators involving bi and their adjoints vanish identically. The 
supersymmetric partner Hamiltonians H and H for the i?Ar+i case may be 
defined in a similar way to that of rational Ajv+i Calogero model, 

1 ^ 1 

n = -J2blb, , n^-J2b4. (172) 

i—l i 

The Hamiltonian % reduces to if'^^-' in Eq. (|167p if A/y acts on symmetric 
functions, whereas it reduces to ij'^^ Mij is restricted to the subspace of anti- 
symmetric functions. A set of annihilation and creation operators, similar to 
A.mA\ in Eq. (|47p . are introduced as follows: 

N N 

Bn = Y.hj , St =^(6l)2 n<N. (173) 

i=l i=l 

It can be shown that if 0((^) is the eigenfunction of H{T-L) with eigenvalue £{£) 
then 

14(52^) = (^ - '52)(S2^0) , H(B2<^) = (5 + S2){B2(b) . (174) 

where, 

(52 = [Af-2±2A7V(7V-l) + 2Ai7V]w . (175) 

It may be noted that he operator which brings in a correspondence between the 
eigenstates 4> and cj) is B2, not Bi. This is because the reflection symmetry of 
the BCn+1 Hamiltonian is also a symmetry of the wave-functions provided the 
operator B2 is used instead of Bi. The shape invariance condition for H and 
H of the Sjv model reads, 

H{X,Xi,u) = H{X,Xi,u) + R2{X,Xi,uj) 

R2iX,Xi,uj) = [N±2XN{N -l) + 2XiN]uj . (176) 

Following the standard treatment, the spectrum of H^^^ is determined as. 

En = n{R2 - 62) = 2jiuj . (177) 
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The reflection symmetry is manifested in the spectrum which now depends on 
2nuj, instead of nw as in the case of rational A^^i Calogero modeL The eigen 
functions are obtained by acting the operators _B„ on the ground state (/>o of the 
Bn+i model, as in Eq. ((54)) for A^+i model. 

10.4.2 Mapping to free super-oscillators 

The supersymmetric rational _BAr_(_i-type Calogero Hamiltonian in Eq. (I164p 
can be mapped to a system of N free superoscillators by using Eq. (|83l) with 
W{X, Ai, A2 = 0) given by Eq. (jl63p . The supersymmetric and the supersymmetry- 
breaking phases are discussed separately. 

Case I: Supersymmetric phase: A, Ai > 0: 

The construction of the eigen functions requires the following choice of the free 
superoscillator basis: 

P™,fe = ^r2" f^l^.■■■^N,M^J{^^.^l)■■■i^^.,i'l^), (178) 

1-1,12, ■■■,iN f 

where / is anti-symmetric under the exchange of any two indices and a homo- 
geneous function of degree 2k of the bosonic coordinates. The functions Pn,k 
are invariant under the discrete symmetry ()165p . The action of the similarity 
operator T on functions without the discrete symmetry (jl65p produces essential 
singularity in the wave-functions which are not physically acceptable. Thus, 
the complete spectrum of Hb^^^ is described by a subset of the spectrum of 
super-oscillators, 

EBr,^^='2.{n + k + Nf), Esho^2n + k + Nf. (179) 

The rational Ajv+i Calogero model is equivalent to a set of N free super- 
oscillators, whereas the rational B^+i Calogero model is equivalent to a set 
of free 'super-half-oscillators' [46]. 

The eigen-spectrum can be constructed in an algebraic way by defining the 
creation and annihilation operators as, 

B+ =f-'Y.bf''f, F+ ^f-'J2i^lbf"-'f, (180) 

i i 

which are invariant under the discrete symmetry (|165l) . Thus, the eigen- functions 
obtained by operating these operators on the ground-state $0 in Eq- (|166|) are 
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also invariant under the same discrete symmetry. The eigen-states are obtained 
as, 



N 



Xni. 



(181) 



with the energy E — X^fcLi 2fc(nfc + v^)- The bosonic quantum numbers are 
non- negative integers, while the fermionic quantum numbers are or 1. 

Case II: Supersymmetry-breaking phase: 

There are three regions in the parameter space for which the supersymmetry is 
broken: (i) A < 0, Ai < 0, (ii) A < 0, Ai > and (iii) A > 0, Ai < 0. The eigen- 
spectrum of the Hamiltonian in the region (i) can be obtained in a similar way 
as in the case of supersymmetry-breaking phase of the rational A^+i Calogero 
model. However, modified treatments are required for obtaining the spectra in 
the regions (ii) and (iii). The readers are referred to Ref. [JSj for details. The 
eigen spectra in these three regions are given below: 



A<0,Ai<0: E^N[l-2\{N -l)-\i\+En,,,, (182) 
'3 
2 
"3 
2 



A<0,Ai>0: E^N 
A>0,Ai<0: E = N 



2\{N -I) 
2\i{N -I) 



Enk.Mk (183) 



(184) 



where En 



= X]fe=i 2 [kuk + (fc — l)i^fe]. The bosonic quantum numbers rxfe's 
are non- negative integers, while the fermionic quantum numbers Vk = 0, 1. 

10.4.3 Nearest-neighbour variant of rational BCn+i Calogero model 

The Hamiltonian H in terms of the variables qi = Xi — x^+i, qi — Xi + xi+i 
reads, 

i i 

- (^2 + y j iV + E + - 2 " 



i 

}_ ^ . , '^l \ ._ , .2_.2 , '^l 



(185) 
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The SDectruin |112) . 

£ = 2uj{ni + vi) + 4wz/2, (186) 

corresponding to the exactly solved states is that of a superoscillator with the 
frequency 2uj and a fermionic oscillator with the frequency 4a;. The complete 
spectrum is not known. 

10.5 Appendix V: Jordan- Wigner transformation 

The spin operators Sf ,a — 1^2,?! for the i*'* spin-i particle is realized in terms 
of the Pauli matrices af as, Sf :— \crf . The Jordan- Wigner transformation is 
defined as, 

4,^ = e'-T.Z\ '^t-u^j^ ^ ^~--Y.{l\ af ]^{al ± la^), (187) 

which relates erf's or the spin operators to the fermionic variables V'i's. The 
inverse transformation of Eq. is given by, 

a- = e^"S'^=i ^'^''^j, a+ = e-'^^'<^=i (188) 
The Jordan- Wigner transformation implies the following identities: 

which can be used to map a XX spin-chain system with nearest-neighbour in- 
teraction to a system of free fermions. 
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